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Cycle space constructions for exhaustions of flag domains

A LAN H UCKLEBERRY AND J OSEPH A. W OLF

Abstract. A real semisimple group has only finitely many orbits on every flag
manifold of its complexification. To each of these orbits there is a naturally associated space of algebraic cycles, and that cycle space is known to be a Stein
manifold. In the past, properties of the cycle space have been proved by transforming functions or cohomology from, e.g., an open orbit in the flag manifold to
its cycle space. Here the opposite is done: given an irreducible representation of
a maximal compact subgroup of the real semisimple group, a canonical strictly
plurisubharmonic exhaustion of the cycle space is constructed. This is then transformed to a (continuous) q-pseudoconvex exhaustion of the associated open orbit,
where q is the complex dimension of the cycles under consideration.
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1. Introduction
In the study of complex flag manifolds, flag domains and their cycle spaces, a key
point is the fact that the cycle space M D of a flag domain D is a Stein manifold.
That fact has a long history; see [4]. The earliest approach ([9], [11]) relied on
construction of a strictly plurisubharmonic exhaustion function on M D , starting
with a q-convex exhaustion function on D, where q is the dimension of a particular maximal compact subvariety of D (we use the normalization that 0-convex
means Stein). Construction of that exhaustion function on D [8] required that D be
measurable [10]. In that case the exhaustion on D was transferred to M D , using a
special case of a method due to Barlet [2]. Here we do the opposite: we use the incidence method of [4] to construct a canonical plurisubharmonic exhaustion function
on M D and use it in turn to construct a canonical q-convex exhaustion function on
D. This promises to have strong consequences for cohomology vanishing theorems
and the construction of admissible representations of real reductive Lie groups.
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