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Energy-minimizing torus-valued maps
with prescribed singularities, Plateau’s problem, and BV-lifting

GIACOMO CANEVARI AND VAN PHU CUONG LE1

Abstract. In this paper, we investigate the relation between energy-minimizing
torus-valued maps with prescribed singularities, the lifting problem for torus-
valued maps in the space BV, and Plateau’s problem for vectorial currents, in
codimension one. First, we show that the infimum of theW 1;1-seminorm among
all maps with values in the k-dimensional flat torus and prescribed topologi-
cal singularities S is equal to the minimum of the mass among all normal Rk-
currents, of codimension one, bounded by S . Then, we show that the minimum
of the BV-energy among all liftings of a given torus-valued W 1;1-map u can be
expressed in terms of the minimum mass among all integral Zk-currents, of codi-
mension one, bounded by the singularities of u. As a byproduct of our analysis,
we provide a bound for the solution of the integral Plateau problem, in codimen-
sion one, in terms of Plateau’s problem for normal currents.

Mathematics Subject Classification (2020): 49Q10 (primary); 49Q15, 49Q20,
58E20 (secondary).

1. Introduction

In the seminal paper of Brezis, Coron, and Lieb [12], the authors showed the equiv-
alence between the energy of harmonic maps with prescribed singularities and the
minimal connections between the singularity points. More precisely, in the ambient
space R

d , d � 2, given distinct points P1; : : : ; Pk and N1; : : : ; Nk (which stand
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for the topological singularities), we consider the set of sphere-valued maps

V WD
n
u 2 C 1.Rd n fP1; : : : ; Pk; N1; : : : ; Nkg ; Sd�1/ W deg.u; Pi / D 1;

deg.u; Ni / D �1
o
;

where deg.u; P / denotes the degree of u on a small sphere around the point P .
Then, there holds

inf
⇢ˆ

Rd

jrujd�1 dx W u 2 V
�

D .d � 1/d�1
2 ˛d�1L; (1.1)

where ˛d�1 is the surface area of the unit sphere S
d�1 in R

d and L is the minimal
connection between P1; : : : ; Pk , and N1; : : : ; Nk , i.e., the solution of a Monge-
Kantorovich problem in which P1; : : : ; Pk , and N1; : : : ; Nk play the role of mar-
ginals. More precisely, let Sk be the set of all the permutations of f1; : : : ; kg. Then,
L is defined as

L WD min
�2Sk

kX
iD1

jPi �N�.i/j: (1.2)

Equality (1.1) carries over, with few modifications, to the case where the points
P1; : : : ; Pk , N1; : : : ; Nk are not distinct; see [12] for the details. This result was
later recast and generalised by Almgren, Browder, and Lieb [3], who interpreted
the minimal connectionL as a solution of Plateau’s problem — that is, a minimizer
of the mass among all 1-dimensional integral currents T whose boundary is defined
by the point singularities at Pi , Ni :

L D inf

(
M.T / W @T D

kX
iD1

.ŒPi ç � ŒNi ç/

)
: (1.3)

Here, M.T / denotes the mass of the current T and @T its boundary.
Following [12], Baldo et al., recently provided [5] a connection between ener-

gy-minimizing maps with values in a Cartesian product of spheres (Sd�1 ⇥S
d�1 ⇥

: : : ⇥ S
d�1; k times), having prescribed topological singularities at a finite number

of points, and a branched transportation problem, i.e., a Gilbert-Steiner problem
with the singular points as sources. The analysis in [5] is based on a reformulation
of the branched transportation problem as a Plateau problem for 1-dimensional
integral currents with coefficients in the normed group .Zk; k � kp/, where 1  p 
1 and k � kp is the `p-norm on Z

k , as introduced in [25,26]. More precisely, given
points P1; : : : ; Pk; PkC1 in R

d with k � 1, Baldo et al. considered

Mp WD inf
˚
Mp.T / W @T D e1ıP1

C e2ıP2
C : : :C ekıPk

� .e1 C e2 C : : :C ek/ıPkC1

 
;

(1.4)
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where T is a 1-dimensional current with coefficients in the normed group .Zk; k �
kp/ and Mp.T / is the p-mass of T (we refer the reader to [25, 26] and Section 2
below for more details). Now, let Oi be the set of maps u 2 W

1;d�1

loc .Rd I Sd�1/
that are constant in a neighbourhood of infinity and whose Jacobian determinant is
given by Ju D ˛d�1

d
.ıPi

� ıPkC1
/ in the sense of distributions (see for instance

[2, 24]). In [5], the authors considered a class of functionals Ep , defined on O1 ⇥
: : : ⇥ Ok , which depend on p and are comparable to the Ld�1-seminorm of the
gradient (more precisely, the energy functional Ep must satisfy the requirements
of [5, Definition 13]). Assuming a minimizer of (1.4) admits a calibration (see
Definition 2.8), they showed that

inf
O1⇥:::⇥Ok

Ep D .d � 1/d�1
2 ˛d�1Mp: (1.5)

Motivated by [5, 12], in this work we investigate the connections between energy-
minimizing maps with values in the k-dimensional flat torus (Tk WD S

1 ⇥ : : :⇥ S
1,

k-times) and Plateau’s problems for currents in codimension 1, with coefficients in
.Zk; k�kp/ or .Rk; k�kp/. It is worth mentioning that the study of maps with values
in the flat torus arises naturally in several physical contexts. For instance, T2-
valued maps are considered in two-component Ginzburg-Landau models, in which
the order parameter is a complex vector-valued map accounting for ferromagnetic
or antiferromagnetic effects in high-temperature superconductors (see, e.g., [1] and
the references therein).

Another motivation for our work is the study of Plateau’s problem for vectorial
currents, in codimension one. More precisely, we would like to compare the min-
imal mass between Plateau’s problem for normal currents and integral currents,
with coefficients in the normed Abelian groups .Rk; k kp/, .Zk; k kp/ respectively.
It is well known [17, 5.10] that in case k D 1, i.e., for classical currents, given a
.d � 2/-dimensional integral flat boundary S in R

d with coefficients in Z, we have
the following equality:

PZ.S/ D PR.S/; (1.6)

where PZ.S/ is the minimal mass among all the integral currents whose boundary
is S and PR.S/ is the minimal mass among all the normal currents whose boundary
is S .

Then, it is natural to ask whether equality (1.6) extends to vectorial currents,
with k > 1. More precisely, given a .d � 2/-dimensional integral boundary S in
R

d with coefficients in Z
k , let

PZk ;p.S/ WD inf
˚
Mp.T / W T is an integral .d � 1/-current

with coefficients in .Zk; k�kp/; @T D S
 (PZk )

and let

PRk ;p.S/ WD inf
˚
Mp.T / W T is a normal .d � 1/-current

with coefficients in .Rk; k�kp/; @T D S
 
:

(PRk )
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Here, Mp denotes the mass of a current, taken with respect to the `p norm k�kp .
The definition immediately implies PZk ;p.S/ � PRk ;p.S/. However, the equality
does not hold true, in general: in [10, Example 4.2], the authors gave an example
(with d D 2, k D 4, p D 1) where

PZk ;1.S/ > PRk ;1.S/; (1.7)

(see also Remark 3.9 below for more details).
Instead, one could try to derive a bound on PZk ;p.S/ in terms of PRk ;p.S/.

We observe that we always have the following inequality:

PZk ;p.S/  k PRk ;p.S/: (1.8)

To see this, let .S1; : : : ; Sk/ be the components of S . For any i , let Ti be an in-
tegral current of minimal mass among all integral currents bounded by Si . Then,
on the one hand, .T1; : : : ; Tk/ is an admissible competitor for problem PZk ;p.S/,
so PZk ;p.S/  P

k

iD1
M.Ti /. On the other hand, Federer’s result [17, 5.10] im-

plies that Ti also minimizes the mass among the normal currents bounded by Si .
Therefore, we have M.Ti / D PR.Si /  PRk ;p.S/ for any i and any p, and (1.8)
follows. In Theorem C below, we provide a different bound, in terms of a constant
that grows sublinearly as a function of k (when p is finite). More precisely, we
prove that

PZk ;p.S/ 
⇣
2k1� 1

p � 1
⌘
PRk ;p.S/: (1.9)

The constant factor in front of the right-hand side is independent of the dimension
of the ambient space R

d : it depends only on the number of components k and
on p. We observe that inequality (1.9) is stronger than (1.8) when p < 1 and
k is large enough — for instance, when 1  p  2 and k > 1 (because then
2k1�1=p � 1  2k1=2 � 1 < k). Moreover, inequality (1.9) is sharp when k D 1
or p D 1 (for in this case, it reduces to PZk ;p.S/ D PRk ;p.S/), but it is not sharp
when k > 1 and p D 1 (for in this case, estimate (1.8) is stronger than (1.9)). We
do not know whether (1.8) is sharp for k > 1, 1 < p < 1. In fact, to the best
of our knowledge, we are not aware of any inequality that provides an estimate for
PZk ;p.S/ in terms of PRk ;p.S/, other than (1.8) and (1.9).

Main results. Throughout the paper, we will consider currents in R
d with coeffi-

cients in the normed space .Rk; k�kp/, where p 2 Œ1; 1ç, as defined by Marchese
and Massaccesi [26]. (For convenience of the reader, we recall the definition in
Section 2 below). We consider a .d � 2/-dimensional current S , with coefficients
in Z

k . We will always assume that S is an Z
k-integral flat boundary — that is, there

exists a .d � 1/-dimensional, rectifiable current T , with multiplicity in Z
k , such

that @T D S — and that S has compact support. Moreover, we will often make a
(rather mild) assumption on the support of S . More precisely, if .S1; : : : ; Sk/ are
the components of S , we require that

for each i D 1; : : : ; k; R
d nsptSi is connected and H

d�1.sptSi / D 0; (1.10)
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where sptSi denotes the support of Si and H
d�1 the Hausdorff measure of dimen-

sion d �1. However, we do not need to assume condition (1.10) in Theorem C. Let
.S1; : : : ; Sk/ be the components of S . For each index i D 1; : : : ; k, we consider
the space Gi , defined as the subset of W 1;1

loc .R
d I S1/ consisting of the functions

ui that are constant outside an open ball of radius ri D ri .ui / and are such that
?J.ui / D ⇡Si . (Here, J.ui / denotes the distributional Jacobian of ui and ? is the
Hodge star operator; see Section 2 for details.) We define QS D G1⇥G2⇥: : :⇥Gk .
As it turns out, if S has finite mass and assumption (1.10) is satisfied, then the set
QS is nonempty — see Remark 3.6.

Let p 2 Œ1; 1ç be fixed. In this paper, we shall consider two functionals. The
first one is the W 1;1-harmonic energy, defined by

Hp.u/ WD
ˆ

Rd

k.jru1j; : : : ; jrukj/kp dx (1.11)

for any u D .u1; : : : ; uk/ 2 QS . Correspondingly, we set

Hp.S/ WD inf
˚
Hp.u/ W u 2 QS

 
: (H)

The second functional we consider is given by

Ep.u/ WD
ˆ

Rd

jru.x/jnucl;p dx (1.12)

for any u 2 QS , where j � jnucl;p is the so-called p-nuclear norm. This is a suitable
norm on the space of linear operators Rd ! C

k , defined in (3.4). We set

Ep.S/ WD inf
˚
Ep.u/ W u 2 QS

 
: (E)

The functionalHp has the advantage of being rather simple to compute, because its
integrand is defined component-wise. This will make it a handy tool in our analysis
of the lifting problem, in the second part of the paper (see Section 4 below). On the
other hand, the functional Ep turns to be quite a natural object to consider, because
the nuclear norm of the gradient jrujnucl;p equals the mass of a suitable vector
field, depending on u (see Lemma 3.7 below). In particular, Ep “is suitably related
to M and Hp”, in the sense of [5, Definition 13]. In the first part of the paper, we
investigate the relationship between Problems (H), (E) and PRk ;p.S/.

Theorem A. Let S be a Z
k-integral flat boundary, of dimension .d � 2/. Assume

that S has finite mass and compact support and condition (1.10) is satisfied. Then,
for any p 2 Œ1; 1ç, one has

Hp.S/  Ep.S/ D 2⇡ PRk ;p.S/  H1.S/  k1� 1
p Hp.S/: (1.13)

Remark 1.1. In the planar case, i.e., when d D 2, the first part of present paper is
in the same spirit as [5]. In particular, our functional E satisfies the requirements
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of [5, Definition 13]. Furthermore, we are able to prove the equivalence between
the problems (E) and PRk ;p.S/ thanks to the special structure of the target man-
ifold. It turns out that the main result of [5] is not always true in case without
assuming the existence of calibration: in Remark 3.9, by combining Theorem A
with Example 4.2 from [10], we provide a counterexample for equality (1.5) in
case p D 1, k D 4, and d D 2. Instead, in Theorem 4.6 below, we give a nec-
essary and sufficient condition for the equality Hp.S/ D 2⇡ PZk ;p.S/ to hold, in
terms of the lifting problem for torus-valued maps.

In the second part of the paper, we investigate the relationship between
Plateau’s problem and the lifting problems for torus-valued maps of bounded vari-
ation. Given u 2 QS , we will say that ✓ D .✓1; : : : ; ✓k/ 2 BVloc.R

d ;Rk/ is a
BV-lifting of u if uj D ei✓j a.e. in R

d , for any index j D 1; : : : ; k. Any map
u 2 QS admits a BV-lifting [15, 19, 21]. Now, given u 2 QS , we consider the
following problem:

Lp.S; u/ WD inf
⇢ˆ

S.✓/

k✓C.x/�✓�.x/kp dHd�1.x/ W ✓ is a BV-lifting of u
�
; (L)

where S.✓/ is the .d � 1/-rectifiable jump set of ✓ , and ✓C.x/, ✓�.x/ stand for the
right and left approximate limits of ✓ at almost every point x 2 S.✓/ (we refer the
reader to Section 4 for more details). As we will prove later on (in Lemma 4.4),
the quantity Lp.S; u/ actually depends on S , but not on the choice of u 2 QS , so
we can write Lp.S/ instead of Lp.S; u/. The relation between the problems (L)
and (PZk ) is encoded in the following theorem:

Theorem B. Let S be a Z
k-integral flat boundary, of dimension .d � 2/. Assume

that S has finite mass and compact support and condition (1.10) is satisfied. Then,
for any p 2 Œ1; 1ç one has

Lp.S/ D 2⇡ PZk ;p.S/: (1.14)

Finally, combining Theorem A and Theorem B with suitable bounds on the norm
of BV-liftings (see [15]), we obtain a bound for PZk ;p.S/ in terms of PRk ;p.S/.

Theorem C. Let S be a Z
k-integral flat boundary, of dimension .d�2/, of compact

support. Then, for all p 2 Œ1; 1ç, we have

PZk ;p.S/  .2k1� 1
p � 1/PRk ;p.S/: (1.15)

Note that Theorem C does not rely on the assumption that S has finite mass, nor
that it satisfies (1.10). We have removed these assumptions by an approximation
procedure.

Remark 1.2. In case k D 1, when we are working with S
1-valued maps, the

quantities defined in (PZk ), (PRk ), (L), (H) and (E) do not depend on p. Moreover,
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from Theorem A, Theorem B and Theorem C we deduce (dropping the dependence
of p from the notation) that

H.S/ D E.S/ D L.S/ D 2⇡ PR.S/ D 2⇡ PZ.S/: (1.16)

The equality H.S/ D 2⇡ PZ.S/ was first conjectured by Brezis, Coron and Lieb
[12, Equation (8.23)]. The same authors gave a proof of this equality in a particular
case, namely, when d D 3 and the boundary S is a planar curve. Later on, Alm-
gren, Browder and Lieb [3] proved it in greater generality, using the coarea formula
(see also the recent book by Brezis and Mironescu [13], in particular Chapters 2
and 3). In our paper, we provide an alternative proof, which is based on the exis-
tence of BV-liftings instead of the coarea formula.

Remark 1.3. We stress that our arguments do not depend on Federer’s result [17]
that PZ.S/ D PR.S/ in case k D 1. In fact, Theorem C provides an alternative
proof of this fact.

The paper is organized as follows. In Section 2, we recall basic notions in
geometric measure theory which will be used in the paper. Section 3 is devoted
to the proof Theorem A. In Section 4 we address the lifting problem for torus-
valued maps in the space BV, and we prove Theorems B and C. In addition, still
in Section 4, we provide a necessary and sufficient condition for the problems (H)
and (PZk ) to be equivalent. An appendix, containing the proof of some technical
results, completes the paper.

ACKNOWLEDGEMENTS. The authors are grateful to Andrea Marchese for the
fruitful discussions and to the referees for their careful reading of the manuscript
and their helpful suggestions.

2. Notation and preliminaries

2.1. Preliminary notions

2.1.1. Currents with coefficients in normed groups and Plateau’s problems

Throughout this entire paper, we work in the ambient space R
d , with d � 2.

We denote by B
d
r
.x/ the open ball in R

d with center at x 2 R
d and radius r >

0, and by NBd
r
.x/ its closure. For each integer k > 0, Sk�1 D @Bk

1
.0/ is the

unit sphere in R
k and ˛k D H

k�1.Sk�1/ is its surface area, where H
k is the k-

dimensional Hausdorff measure. We denote by L
k the Lebesgue measure in R

k ,
and we use the notation jEj to denote the Lebesgue measure of the measurable set
E for convenience.

We follow [27] for basic notions and terminologies regarding currents with
coefficients in a normed group. Let k � 1 be an integer and let 1  p  1. The
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normed groups that we consider in this paper are .Rk; k � kp/ (corresponding to
normal currents) and .Zk; k � kp/ (corresponding to integral currents), where k � kp

is the `p-norm in R
k , defined for z D .z1; : : : ; zk/ 2 R

k by

kzkp WD

8̂
<̂
ˆ̂:

 
kP

j D1

jzj jp
! 1

p

in case p 2 Œ1;1/

maxfjz1j; : : : ; jzkjg in case p D 1:

(2.1)

For the convenience of the reader, we recall here the main definitions.
Given an integer m with 1  m  d , we denote by ƒm.R

d / the space of
m-vectors and byƒm.Rd / the space ofm-covectors in R

d . Let fe1; e2; : : : ; ed g be
an orthonormal basis of Rd , and let fdx1; dx2; : : : ; dxd g be its dual basis. Given
a multi-index I D fi1; : : : ; img such that i1 < i2 < : : : < im, we use the notation
eI WD ei1

^ : : :^ eim and dxI WD dxi1
^ : : :^ dxim , where ^ is the wedge product.

Then, we introduce the following operators:

# W ƒm
�
R

d
�

! ƒm

�
R

d
�

[ W ƒm

�
R

d
�

! ƒm
�
R

d
�
: (2.2)

The operator # is the identification between m-covectors and m-vectors induced
by Euclidean metric, i.e., for any m-covector w D †IaI dxI , the corresponding
vector w# is defined by

w# WD †IaI eI ; (2.3)

where the sum is taken over all multi-indices I D fi1; : : : ; img such that i1 < i2 <
: : : < im. The operator [ is the inverse of #: for any m-vector w D †IaI eI , the
corresponding covector w[ is defined by

w[ WD †IaI dxI ; (2.4)

where again the sum is taken over all multi-indices I D fi1; : : : ; img such that
i1 < i2 < : : : < im.

Definition 2.1. An .Rk/⇤-valued m-covector on R
d is a bilinear map

w W ƒm

�
R

d
�

⇥ R
k �! R :

An R
k-valued m-vector on R

d is a bilinear map

w W ƒm
�
R

d
�

⇥
�
R

k
�⇤ �! R :

We denote by ƒm

Rk .R
d / and ƒm;Rk .Rd / the spaces of .Rk/⇤-valued m-co-

vectors and .Rk/-valuedm-vectors on R
d , respectively. These spaces are dual each

other. We observe that .Rk/⇤-valued covectors and R
k-vectors can be identified

with k-tuples of classical covectors and vectors. More precisely, let fe1; e2; : : : ; ekg
be an orthonormal basis of R

k , and let fe⇤
1
; e⇤

2
; : : : ; e⇤

k
g be its dual. Then, each
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.Rk/⇤-valued m-covector on R
d can be expressed as w D w1 e

⇤
1

C : : : C wk e
⇤
k

,
where for any index i D 1; : : : ; k, wi is a classical m-covector in R

d , defined by
wi WD hwI �; ei i. Similarly, each R

k-valued m-vector on R
d can be expressed as

v D v1 e1 C : : : C vk ek where vi is a classical m-vector in R
d defined by vi WD

hvI �; e⇤
i
i. The operators #, [ can be extended to operatorsƒm

Rk .R
d / ! ƒm;Rk .Rd /

and ƒm;Rk .Rd / ! ƒm

Rk .R
d / respectively, by applying #, [ component-wise.

Given p 2 Œ1; 1ç, the space ƒm

Rk .R
d / is equipped with the p-comass norm,

defined by

jwjcom;p WD sup
˚
khwI ⌧; �ik⇤

p
W j⌧ j  1; ⌧ is simple m-vector

 
(2.5)

for any w 2 ƒm

Rk .R
d /. Here, j � j is the Euclidean norm on ƒm.Rd /, ƒm.R

d /.
We identify the dual space ..Rk/⇤; k � k⇤

p
/ with .Rk; k � kp⇤/ where p⇤ 2 Œ1; 1ç

is the conjugate exponent of p, defined in such a way that 1

p⇤ C 1

p
D 1 (on the

understanding that 1

1 D 0, 1

0
D 1). The space ƒm;Rk .Rd / is equipped with the

pre-dual norm or p-mass norm, defined as

jvjmass;p WD sup
n
hw; vi W w 2 ƒm

Rk .R
d /; jwjcom;p  1

o
(2.6)

for any v 2 ƒm;Rk .Rd /. In case k D 1, the mass and comass norms are inde-
pendent of p (i.e., jvjmass;p D jvjmass;1, jwjcom;p D jwjcom;1 for any p 2 Œ1; 1ç,
v 2 ƒm.R

d /, w 2 ƒm.Rd /) and reduce to the classical mass and comass. In
this case, we write jvjmass WD jvjmass;1, jwjcom WD jwjcom;1 for any v 2 ƒm.R

d /,
w 2 ƒm.Rd /.

Remark 2.2.

(i) The mass norm of a vector v 2 ƒm;Rk .Rd / can be equivalently characterized
as

jvjmass;p D inf

(
lX

iD1

kzikp jvi j W v D
lX

iD1

zi ˝ vi ; zi 2 R
k;

vi is a simple m-vector in R
d

) (2.7)

(for a proof, see [16, Section 1.8.1] for the scalar case k D 1 and Lemma A.2
in the appendix for the case k > 1);

(ii) Let v 2 ƒm;Rk .Rd / be a vector with components v1, . . . , vk 2 ƒm.R
d /. If

1  p < 1, then there holds

 
kX

iD1

jvi jp
! 1

p


 

kX
iD1

jvi jpmass

! 1
p

 jvjmass;p 
kX

iD1

jvi jmass: (2.8)
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See Lemma A.6 in the appendix for the proof of (2.8), as well as more general
results on the comparison between different norms of a given R

k-valued m-
vector or .Rk/⇤-valued m-covector.

Definition 2.3. An .Rk/⇤-valuedm-dimensional differential form, or .Rk/⇤-valued
m-form, defined on R

d is a map

! W Rd �! ƒm

Rk

�
R

d
�
:

As before, ! can be represented as ! D !1e
⇤
1

C : : :C!ke
⇤
k
; and the regularity

of ! is inherited from the regularity of its components !i , for i D 1; : : : ; k. Let
! D !1 e

⇤
1

C : : :C !k e
⇤
k

2 C 1.Rd Iƒm�1

Rk .Rd //. We denote

d! WD d!1 e
⇤
1

C : : :C d!k e
⇤
k
;

where d!i is the differential of !i . By definition, we have d! 2 C.Rd Iƒm

Rk .R
d //.

We define the support of ! as supp ! WD clfx 2 R
d W !.x/ ¤ 0g, where cl indi-

cates the closure of a set. We can now define the notion of currents with coefficients
in R

k .

Definition 2.4. An m-dimensional current, or m-current, T with coefficients in
.Rk; k � kp/ is a linear and continuous map

T W C1
c

⇣
R

d Iƒm

Rk

�
R

d
�⌘

�! R :

The continuity of T is understood with respect to the (locally convex) topology
on the space of test forms C1

c .Rd Iƒm

Rk .R
d //, which is analogous to the standard

topology on C1
c .Rd IR/.

Observe that a vector-valued current can be written in components, and that
we will often use the notation T D .T1; : : : ; Tk/, where Ti is the classical current
defined by

Ti .!/ WD T .! e⇤
i
/ for any ! 2 C1

c

⇣
R

d Iƒm
�
R

d
�⌘
: (2.9)

The mass of T is defined as

Mp.T / WD sup
n
T .!/ W ! 2 C1

c

⇣
R

d Iƒm

Rk

�
R

d
�⌘
; k!kcom;p  1

o
;

where k!kcom;p D supx2Rd j!.x/jcom;p . When k D 1, Mp is equal to the mass of
classical currents for any p 2 Œ1;1ç, therefore we shall denote it by M.

Moreover, we define the boundary @T of T as an .m�1/-dimensional current,
such that

@T .!/ WD T .d!/ (2.10)
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for any ! 2 C1
c .Rd ; ƒm�1

Rk .Rd //. The boundary operator acts component-wise.
The space of Rk-currents of dimension m is denoted by D

0.Rd ; ƒm;Rk .Rd // D
.C1

c .Rd ; ƒm

Rk .R
d ///0. In the case k D 1, we write D0.Rd ; ƒm.R

d // for the space
of classical currents. The support of the current T , denoted by spt.T /, is defined
by:

spt.T / WD R
d n [

n
W W W is open, T .'/ D 0

whenever ' 2 C1
c

⇣
W Iƒm

Rk

�
R

d
�⌘o

:
(2.11)

Weak⇤ convergence of a sequence of currents, T ` *⇤ T , is defined by duality
with the space of test forms C1

c

�
R

d Iƒm.Rd /
�
. It turns out that a sequence of Rk-

valued currents converge weakly⇤ if and only the j -th components of the sequence
converge weakly⇤ to the j -th component of the limit, for any index j .

Definition 2.5. A current T is said to be an R
k-normal current if

Mp.T /C Mp.@T / < 1:

Definition 2.6. Am-dimensional rectifiable current with coefficients in .Zk; k�kp/

(or a Z
k-rectifiable current) is a m-dimensional current such that there exists a m-

dimensional oriented rectifiable set † ⇢ R
d , an approximate tangent vectorfield

⌧ W † �! ƒm.R
d /, and a density function ✓ W † �! Z

k such that

T .!/ D
ˆ

†

h!.x/I ⌧.x/; ✓.x/i dHm.x/ (2.12)

for every ! 2 C1
c .Rd Iƒm

Rk .R
d //. We say that T is an integral current if both

T and @T are Z
k-rectifiable currents. A m-dimensional polyhedral current is a

finite union of m-dimensional oriented simplexes †i , each equipped with constant
multiplicity �i 2 Z

k , such that for any i ¤ j , the intersection between †i and
†j is either empty or a common face. In addition, an m-dimensional current T is
said to be a cycle if @T D 0; T is called a boundary if there exists an .m C 1/-
dimensional current R such that T D @R.

We write T WD J†; ⌧; ✓K for the rectifiable current defined in (2.12).

Remark 2.7. Given an integrable vector field

⌧ D .⌧1; : : : ; ⌧k/ 2 L1

⇣
R

d Iƒm;Rk

�
R

d
�⌘
;

integration against ⌧ defines a current T — that is, each component of T D
.T1; : : : ; Tk/ is represented by integration against ⌧i 2 L1

�
R

d Iƒm.R
d /
�
, Ti D
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⌧i ^ L
d . Then, classical arguments in measure theory show that the current T has

finite mass and
Mp.T / D

ˆ

Rd

j⌧.x/jmass;p dLd .x/:

In a similar spirit, given anm-dimensional rectifiable current T with coefficients in
.Zk; k � kp/, the mass of T can be written as

Mp.T / D
ˆ

†

k✓.x/kp dHm.x/:

Moreover, T can be expressed as .T1; : : : ; Tk/, where each component Ti is a m-
dimensional classical rectifiable current with coefficients in Z (see [27]).

We now recall Plateau’s problem in the setting of currents with coefficients
in the groups .Rk; k kp/, .Zk; k kp/. Given a .d � 2/-dimensional Zk-integral
flat boundary S with compact support, we can define Plateau’s problem for S in
integral currents as

PZk ;p.S/ WD inf
n
Mp.T / W T is a rectifiable Z

k-current

of dimension .d � 1/; @T D S
o
:

(2.13)

The Plateau problem for S in normal currents is

PRk ;p.S/ WD inf
n
Mp.T / W T is a normal Rk-current of

dimension .d � 1/; @T D S
o
:

(2.14)

One of the advantages of the approach based on the theory of currents is the pos-
sibility to define the (dual) notion of calibration, which provides us with a tool to
check whether a given configuration is a minimizer. We briefly recall the definition
of calibration, which will be useful in the next sections.

Definition 2.8. Consider a Z
k-rectifiable current of dimension m, T D J†; ⌧; ✓K

in the ambient space Rd . A smooth .Rk/⇤-valuedm-dimensional differential form
! in R

d is a calibration for T if the following conditions hold:

(i) h!.x/I ⌧.x/; ✓.x/i D k✓.x/kp for Hm-a.e x 2 †;
(ii) ! is closed, i.e, d! D 0I

(iii) For every x 2 R
d , for every simple unit vector t 2 ƒm.R

d / and for every
h 2 Z

k , we have that
h!.x/I t; hi  khkp:

If a current T admits a calibration, then it is a minimizer of the mass among
all normal Rk currents its homology class. (See for instance [27] for a proof of
this claim). Therefore, the existence of a calibration for an integral Zk-current T
is a sufficient condition to prove that PZk ;p.@T / D PRk ;p.@T /. The question of
whether or not a minimizing current admits a calibration is a delicate issue (see
for instance [27, Section 1.4, Section 3.1.2] and references therein, as well as [5,
Section 2.1 and Example 16]).
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2.1.2. Push-forward of currents

We recall the notion of push-forward of currents. The push-forward is first intro-
duced for classical currents (see, e.g., [18, Section 7.4.2]), then extended to currents
with coefficients in the group .Rk; k � kp/. Let f W Rd ! R

l be a smooth function,
and let ! be a smooth, compactly supported m-differential form in R

l . We define
the pull-back of !, f #.!/, as a smooth differential form in R

d , given by

f #.!/.x/.v1 ^ : : : ^ vm/ WD !.f .x//.df .v1/ ^ : : : ^ df .vm// (2.15)

for any x 2 R
d and any simple m-vector v D v1 ^ : : : ^ vm. Next, let T be a

classical normal current in R
d . We assume again that f W Rd ! R

l is smooth
and that f jspt.T / is proper (i.e., for any compact set A ⇢ R

l , f �1.A/ \ spt.T /
is compact). Then, we define the push-forward of the current T , f#.T /, to be the
m-dimensional current in R

l given by

f#.T /.!/ WD T . f #.!// (2.16)

for any ! 2 C1
c .Rl Iƒm.Rl//, where  is any compactly supported, smooth func-

tion in R
d that is equal to 1 in a neighborhood of spt.T / \ supp f #.!/. It can be

checked that the right-hand side of (2.16) is independent of the choice of  , and
that

@f#.T / D f#.@T /: (2.17)

This notion can be extended to the case f is a Lipschitz map (see [18, Section 7.4.2,
Lemma 7.4.3] for the details). Moreover, given a Lipschitz map f (with Lipschitz
constant ƒ) such that the restriction of f to the support of T is proper, there holds

M.f#.T //  ƒM.T / (2.18)

(see again [18, Section 7.4.2, Lemma 7.4.3]). The push-forward can be defined
in case T D .T1; : : : ; Tk/ is a current with coefficients in the group .Rk; k � kp/,
.Zk; k � kp/ by working component-wise, i.e., f#.T / WD .f#.T1/; : : : ; f#.Tk//.

2.1.3. The Hodge-star operator and the codifferential

The Hodge-star operator (on a Riemannian manifold of dimension d ) is usually
defined as a map between (classical) m-covectors and .d � m/-covectors. Here,
instead, we find it convenient to regard it as an operator between vectors and cov-
ectors. These approaches are essentially equivalent; the operator we consider here
reduces to the classical one, up to composition with the isomorphisms #, [. How-
ever, for the convenience of the reader, we recall the definitions.

We define the Hodge-star operator as a map

? W ƒm
�
R

d
�

! ƒd�m

�
R

d
�
;

in the following way: for any ˇ2ƒm.Rd /, ?ˇ is the unique element ofƒd�m.R
d /

such that

h˛; ?ˇi WD hˇ ^ ˛; e1 ^ : : : ^ ed i for every ˛ 2 ƒd�m
�
R

d
�
: (2.19)
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Remark 2.9. There is a variant definition of Hodge star operator which is defined
by

h˛; ?ˇi WD h˛ ^ ˇ; e1 ^ : : : ^ ed i for every ˛ 2 ƒd�m
�
R

d
�

(2.20)

for any ˇ 2 ƒm.Rd /. The two definitions agree up to a sign. In this paper,
we choose the definition in (2.19) for the compatibility in the sign involving the
Hodge star operator, pre-jacobian, and distributional Jacobian later (see for in-
stance (2.12)).

An operator ƒm.R
d / ! ƒd�m.Rd /, still denoted ? for simplicity, is defined

in a way completely analogous to (2.19). The Hodge-star operator can be described
explicitely as follows: for any multi-index I , there holds

?dxI D �.I; I 0/ eI 0 and ? eI D �.I; I 0/ dxI 0 (2.21)

where I 0 is the set of indices that are not contained in I and �.I 0; I / is the sign
of the permutation .I 0; I /. From (2.19) and (2.21), it follows that ? is an isometry
and that

? ? ˇ D .�1/m.d�m/ˇ (2.22)

whenever ˇ is an m-vector or an m-covector. As a consequence, we have

h˛; ?ˇi D .�1/m.d�m/h?˛; ˇi (2.23)

for any ˛ 2 ƒd�m.Rd /, ˇ 2 ƒm.Rd / as well as any ˛ 2 ƒd�m.R
d /, ˇ 2

ƒm.R
d /.

The Hodge-star operator extends to an operator between form-valued distribu-
tions and (classical) currents. More precisely, let

D
0
⇣
R

d ; ƒm
�
R

d
�⌘

D
⇣
C1

c

�
R

d ; ƒm

�
R

d
��⌘0

be the space of m-dimensional form-valued distributions and let

D
0
⇣
R

d ; ƒd�m

�
R

d
�⌘

D
⇣
C1

c

�
R

d ; ƒd�m
�
R

d
��⌘0

be the space of .d � m/-dimensional classical currents. (Both C1
c .Rd ; ƒm.R

d //

and C1
c .Rd ; ƒm.Rd // are equipped with the locally convex topology of test func-

tions.) In view of (2.23), it is natural to define

? W D0
⇣
R

d ; ƒm
�
R

d
�⌘

! D
0
⇣
R

d ; ƒd�m

�
R

d
�⌘

? W D0
⇣
R

d ; ƒm

�
R

d
�⌘

! D
0
⇣
R

d ; ƒd�m
�
R

d
�⌘
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by duality, in the following way: for any ! 2 D
0.Rd ; ƒm.Rd //, the associated

current ?! is given by

?!.⌧/ WD .�1/m.d�m/!.?⌧/ (2.24)

for any ⌧ 2C1
c .Rd ; ƒd�m.Rd //. Similarly, given a current S 2D

0.Rd ; ƒm.R
d //,

we define the form-valued distribution ?S as

?S.v/ WD .�1/m.d�m/S.?v/ (2.25)

for any v 2 C1
c .Rd ; ƒd�m.R

d //. The Hodge-star operator may be used to define
the codifferential operator d⇤:

d⇤ WD.�1/d.m�1/C1 ? d? WC1
c

⇣
R

d Iƒm

�
R

d
�⌘

!C1
c

⇣
R

d Iƒm�1

�
R

d
�⌘
: (2.26)

While usually d⇤ is defined as an operator between forms, here we regard d⇤ as an
operator between vector fields. This is consistent with our definition of the Hodge
operator ?, which maps vectors to covectors and vice-versa. In spite of this unusual
choice, the codifferential is still the formal adjoint of the exterior differential d —
that is, for any ˛ 2 C1

c .Rd Iƒm�1.Rd // and ˇ 2 C1
c .Rd Iƒm.R

d //, we have
ˆ

Rd

hd˛.x/; ˇ.x/i dx D
ˆ

Rd

h˛.x/; d⇤ˇ.x/i dx: (2.27)

We define the differential in the sense of distributions as follows: given ! 2
D

0.Rd ; ƒm.Rd //, we define d! 2 D
0.Rd ; ƒmC1.Rd // by

d!.v/ WD !.d⇤v/ (2.28)

for any test vector-field v 2 C1
c .Rd ; ƒmC1.R

d //. By comparing (2.28) with the
definition of the boundary operator (2.10), we deduce that the boundary and the
codifferential agree on smooth vector fields. More precisely, if we identify a vector
field v 2 C1

c .Rd ; ƒm.R
d // with a current (defined by integration against v), then

@v is the current carried by d⇤v. (For instance, on 1-dimensional currents, @ D
� div in the sense of distributions.) Moreover, the Hodge-star operator exchanges
differentials and boundaries — that is, for any ! 2 D

0.Rd ; ƒm.Rd //, and any
T 2 D

0.Rd ; ƒm.R
d //, there holds

?.d!/ D .�1/m�1 @.?!/; (2.29)
d.?T / D � ? .@T /: (2.30)

Equations (2.29) and (2.30) are a rather direct consequence of the definitions and
properties we have recalled in this section and we skip their proof.

For vector-valued currents, everything we said in this section applies compo-
nent-wise. For instance, if w 2 ƒm

Rk .R
d / and w can be written component-wise

as w D .w1; : : : ; wk/, we define ?w WD .?w1; : : : ; ?wk/. In a similar way if
v D .v1; : : : ; vk/ 2 ƒm;Rk .Rd /, we set ?v WD .?v1; : : : ; ?vk/. The following
property holds: if ˇ 2 ƒm.Rd / (respectively, ˇ 2 ƒm.R

d /), z 2 .Rk/⇤ (respec-
tively, z 2 R

k) and I W Rk ! .Rk/⇤ is the isomorphism induced by the canonical
basis in R

k , then ?.z˝ˇ/ D I�1.z/˝ ?ˇ (respectively, ?.z˝ˇ/ D I.z/˝ ?ˇ).
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2.2. Convolution of currents

2.2.1. Convolution of currents with mollifiers

We recall the definition and basic properties of convolution for currents. We will be
interested only in very special cases, i.e., convolution with a sequence of mollifiers
and with a vector field; for a more general treatment, we refer, e.g., to [2].

In some of our technical results, we need a radially symmetric, scale-invariant
sequence of mollifiers. Let ⇢ 2 C1

c .Rd / be a radial function (i.e., ⇢.x/ D N⇢.jxj/
for any x 2 R

d , for some function N⇢ W R ! R) such that 0  ⇢  1, spt.⇢/ ✓
NBd

1
.0/ and

´
Rd ⇢.x/ dx D 1. For " > 0, we define

⇢".x/ WD "�d⇢
⇣x
"

⌘
for x 2 R

d : (2.31)

Then, ⇢" is a symmetric mollifier in R
d , with spt.⇢"/ ⇢ NBd

"
.0/ and

´
Rd ⇢".x/ dx D

1. Let ! D !1e
⇤
1

C : : : C !ke
⇤
k

2 C1
c

⇣
R

d Iƒm

Rk .R
d /
⌘

be a test form. The
convolution of ! and ⇢" is defined component-wise as

.! ⇤⇢"/.x/ WD
ˆ

Rd

!.x�y/⇢".y/ dyD
kX

iD1

✓ˆ
Rd

!i .x � y/⇢".y/ dy
◆
e⇤

i
; (2.32)

for any x 2 R
d . Let T D .T1; : : : ; Tk/ be an R

k-normal current of dimension m
in R

d . We define the convolution between T and ⇢" by

.T ⇤ ⇢"/.!/ WD T .! ⇤ ⇢"/ (2.33)

for any ! 2 C1
c .Rd Iƒm

Rk .R
d //. As the convolution for test forms is defined

component-wise, we can think of T ⇤ ⇢" as being defined component-wise, too
(for the convolution of classical currents with a mollifier, see for instance [18, Sec-
tion 7.3, Definition 7:3:2]). Then, T ⇤⇢" D .T1;"; : : : ; Tk;"/, where each component
Ti;" D Ti ⇤ ⇢" is represented by a smooth m-vector-valued function in R

d .

Lemma 2.10. For each R
k-normal current T , the following properties hold:

(i) T ⇤⇢"

⇤
*T , that is, for each ! 2 C1

c

⇣
R

d Iƒm

Rk .R
d /
⌘

, we have T ⇤⇢".!/ !
T .!/;

(ii) @.T ⇤ ⇢"/ D @T ⇤ ⇢";
(iii) For any p 2 Œ1; 1ç fixed, we have Mp.T ⇤ ⇢"/ ! Mp.T / as " ! 0.

Proof. Property (i) is deduced from the properties of classical currents (see, e.g.,
[18, Section 7.3, Lemma 7.3.3]) by reasoning component-wise. Property (ii) comes
from the fact that

d.! ⇤ ⇢"/ D d! ⇤ ⇢": (2.34)



TORUS-VALUED MAPS, PLATEAU’S PROBLEM, AND BV-LIFTING 271

To prove Property (iii), we apply Jensen’s inequality. Let ! 2 C1
c .Rd Iƒm

Rk .R
d //.

We have

j! ⇤ ⇢".x/jcom;p D
ˇ̌
ˇ̌
ˆ

Rd

!.x � y/ ⇢".y/ dy
ˇ̌
ˇ̌
com;p


ˆ

Rd

j!.x � y/jcom;p ⇢".y/ dy

 k!kcom;p

ˆ

Rd

⇢".y/ dy

D k!kcom;p:

(2.35)

Therefore,
k! ⇤ ⇢"kcom;p  k!kcom;p (2.36)

for any p 2 Œ1; 1ç. In turn, (2.36) implies that

Mp.T / � Mp.T ⇤ ⇢"/: (2.37)

On the other hand, by Property (i) we know that T ⇤ ⇢"

⇤
* T , and by lower

semicontinuity of Mp , we deduce

lim inf
"!0

Mp.T ⇤ ⇢"/ � Mp.T /: (2.38)

From the inequalities (2.37) and (2.38), we obtain (iii).

In a similar way, we can define the convolution between T and a bounded
measure � on R

d , as
.T ⇤ �/.!/ WD T .! ⇤ �/; (2.39)

where .!⇤�/.x/ WD
´
Rd !.x�y/ d�.y/ for any test form! 2 C1

c .Rd Iƒm

Rk .R
d //

and any x 2 R
d .

2.2.2. Convolution of currents with vector-valued maps and differential forms

Let R D .R1; : : : ; Rd / be a function in L1.Rd ;Rd / with compact support such
that divR is a bounded measure on R

d , and let T D .T1; : : : ; Tk/ be an m-
dimensional normal current, with coefficients in the normed group .Rk; k � kp/. We
aim to define the object T ⇤ R, which will be an R

k-normal current of dimension
mC 1. First, we briefly recall the contraction of covectors with vectors. Let ˇ be
an h-covector and v be an k-vector with h > k. We define the contraction ˇxv to
be an .h � k/-covector, given by

hˇxv;wi WD hˇ; .v ^ w/i (2.40)

for any w 2 ƒh�k.R
d /. Now, we define the convolution T ⇤ R by its action on a

test form ! D .!1; : : : ; !k/ 2 C1
c .Rd IƒmC1

Rk .Rd //, as

.T ⇤R/.!/ WD
kX

iD1

Ti . NR ⇤ !i /; (2.41)
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where NR is the vector field given by NR.x/ WD R.�x/, and the convolution NR ⇤ !i

is defined by

. NR ⇤ !i /.x/ WD
ˆ

Rd

!i .x � y/x NR.y/ dy (2.42)

for any x 2 R
d . We observe that, for each i , NR ⇤ !i is a smooth m-dimensional

form with compact support, since !i is a smooth differential form with compact
support and R also has compact support. Therefore, the right-hand side of (2.41)
is well-defined. From (2.41), one has

jT ⇤R.!/j 
kX

iD1

M.Ti /kR ⇤ !ikL1.Rd /


kX

iD1

Mp.T /kR ⇤ !ikL1.Rd /

 k
p
kMp.T /kRkL1.Rd /

(2.43)

for any ! 2 C1
c .Rd IƒmC1

Rk .Rd // such that j!jcom;p  1. Therefore,

Mp.T ⇤R/  k
p
kMp.T /kRkL1.Rd /: (2.44)

Moreover, there holds

@.T ⇤R/ D � divR ⇤ T C .�1/mR ⇤ @T (2.45)

in the sense of distributions. Equality (2.45) follows by the analogous identity for
classical currents (see [2, Section 2.8, Equation (2.5)]), applied component-wise.

Lemma 2.11. Let T be a normal Rk-current of dimensionm. LetR2L1.Rd ; Rd /
be a vector field of compact support. Then, the current T ⇤R can be identified with
an element of L1.Rd ; ƒmC1;Rk .Rd //. Moreover, if R is smooth in R

d n f0g, then
(the vector field corresponding to) T ⇤R is smooth in R

d n sptT .

Proof. As we have seen in (2.43), the current T ⇤ R has finite mass. By Riesz’s
representation theorem, it follows that T ⇤ R can be identified with a (regular,
vector-valued) Borel measure. We claim that T ⇤ R is absolutely continuous with
respect to the Lebesgue measure; then, the Radon-Nikodym theorem will imply
that T ⇤ R is carried by an integrable ƒmC1;Rk .Rd /-field. Given a Borel set F ✓
R

d , we will denote by T ⇤ R F the restriction of T ⇤ R to F , which is well
defined in the measure-theoretical sense, thanks to Riesz’s representation theorem.
Let " > 0 be a small number. As R is integrable, there exists ı > 0 such that
ˆ

E

jR.x/j dx  " for any measurable set E ✓ R
d such that jEj  ı: (2.46)
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Let F ✓ R
d be a Borel set such that jF j D 0. As the Lebesgue measure is regular,

there exists an open set U ◆ F such that jU j  ı. Let ! 2 C1
c .Rd I ƒmC1

Rk .Rd //

be a test form such that spt! ✓ U and k!kcom;p  1. Then, for any index i 2
f1; : : : ; kg and any x 2 R

d , we have

j NR ⇤ !i .x/jcom 
ˆ

Rd

j!i .x � y/jcom jR.�y/j dy 
ˆ

�x�U

jR.z/j dz
(2.46)
 "

(where the notation j�jcom stands for the classical comass norm of a form). By
reasoning as in (2.43), we deduce that

jT ⇤R.!/j  k
p
k "Mp.T /: (2.47)

Now, for any positive integer j , let

Fj WD
⇢
x 2 F W dist.x; @U / � 1

j

�

(where dist.x; @U / denotes the Euclidean distance of x from @U ) and let 'j 2
C1

c .U / be a smooth cut-off function, such that 'j D 1 in Fj and 0  'j 
1 in U . Given any form e! 2 C1

c .Rd I ƒmC1

Rk .Rd // such that ke!kcom;p  1,
inequality (2.47) (applied to ! WD 'j e!) implies

j.T ⇤R Fj /.e!/j D j.T ⇤R Fj /.'j e!/j  k
p
k "Mp.T /:

By taking the supremum over e!, we obtain Mp.T ⇤ R Fj /  k
p
k "Mp.T /

and, sending j to infinity, Mp.T ⇤R F /  k
p
k "Mp.T /. As " > 0 is arbitrary,

it follows that Mp.T ⇤ R F / D 0 and hence, T ⇤ R is absolutely continuous
with respect to the Lebesgue measure. Therefore, T ⇤R is carried by an integrable
vector field, which we still denote by T ⇤R.

Suppose now that R is smooth in R
d n f0g. We claim that T ⇤R is smooth in

R
d n sptT . Let ı > 0, and let Uı WD fx 2 R

d W dist.x; sptT / > ıg. Let Rı be a
vector field that is smooth everywhere in R

d and coincides with R in R
d n B

d

ı
.0/.

Finally, let ! 2 C1
c .Rd ; ƒmC1

Rk .Rd // be a test form such that spt! ✓ Uı . Then,
for any index i 2 f1; : : : ; kg and any x 2 sptT , we have

NR ⇤ !i .x/ D
ˆ

x�Uı

!i .x � y/xR.�y/ dy

D
ˆ

x�Uı

!i .x � y/xRı.�y/ dy D NRı ⇤ !i .x/;

because x � Uı ✓ R
d n B

d

ı
.0/. It follows that T ⇤ R.!/ D T ⇤ Rı.!/ for

any test form ! with spt! ✓ Uı and hence, T ⇤ R D T ⇤ Rı in Uı . As the
convolution between a distribution and a smooth function (of compact support) is a
smooth function, we deduce that T ⇤R is smooth in Uı for any ı > 0. The lemma
follows.
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2.3. The distributional Jacobian

We introduce the notion of distributional Jacobian for torus-valued maps. Let us re-
call first this notion in case of S1-valued maps. Let u D .u1; u2/ 2 W 1;1

loc .R
d I S1/,

we define the pre-jacobian 1-form as

j.u/ WD u1 du2 � u2 du1 (2.48)

and the distributional Jacobian as the 2-form

J.u/ WD 1

2
dj.u/; (2.49)

where the differential is taken in the sense of distributions on R
d . Moreover,

we associate each u 2 W
1;1

loc .R
d I S1/ a .d � 1/-dimensional (respectively, .d �

2/-dimensional) classical current by ?j.u/ (respectively, ?J.u/), where ? is the
Hodge-star operator, as defined in (2.19).

Now, for each torus-valued map u D .u1; : : : ; uk/ 2 W 1;1

loc .R
d ITk/, i.e., each

ui 2 W
1;1

loc .R
d I S1/, we define its pre-jacobian ju and Jacobian Ju component-

wise, i.e.,
ju WD .j.u1/; : : : ; j.uk//; (2.50)

and
Ju WD .J.u1/; : : : ; J.uk//: (2.51)

Moreover, we can associate to each u D .u1; : : : ; uk/ 2 W 1;1

loc .R
d ITk/ a .d � 1/-

dimensional-Rk current, given by

?ju D .?j.u1/; : : : ; ?j.uk//; (2.52)

and a .d � 2/-dimensional-Rk current, given by

?Ju D .?J.u1/; : : : ; ?J.uk//: (2.53)

Remark 2.12. Let S be a Z
k-integral flat boundary. Let QS be the set of maps

u 2 W
1;1

loc .R
d ; Ck/ that are constant in a neighbourhood of infinity and satisfy

?Ju D ⇡S . For any u 2 QS , we have

@.?ju/ D 2⇡ S (2.54)

thanks to (2.29).

3. Energy-minimizing maps with prescribed singularities
and mass minimization for normal currents

In this section we focus on the proof of Theorem A. Throughout this section, we al-
ways assume that S is a .d �2/-dimensional integral flat boundary S with compact
support and finite mass that satisfies condition (1.10). For the reader’s convenience,
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we recall the functionals we consider. Let QS be defined as in Remark 2.12. For
u D .u1; : : : ; uk/ 2 QS and any p 2 Œ1; 1/, we define

Hp.u/ WD
ˆ

Rd

.jru1jp C jru2jp C : : :C jrukjp/ 1
p dx; (3.1)

while for p D 1

H1.u/ WD
ˆ

Rd

max .jru1j; jru2j; : : : ; jrukj/ dx: (3.2)

We set
Hp.S/ WD inf

˚
Hp.u/ W u D .u1; : : : ; uk/ 2 QS

 
: (3.3)

The second functional we consider is defined in terms of the so-called nuclear norm
of the gradient. For p 2 Œ1; 1ç, the p-nuclear norm of a linear map A W Rd ! C

k

is defined as follows:

jAjnucl;p

WD inf

(
lX

iD1

kzikp jvi j WAD
lX

iD1

zi ˝vi ; zi 2C
k; vi is a 1-covector in R

d

)
:

(3.4)

Remark 3.1. It may occasionally be convenient to consider A as a linear map
R

d ! R
2k , by identifying C

k with R
2k , in the usual way. However, in the right-

hand side of (3.4), k � kp denotes the `p-norm in C
k , not R2k . In other words,

given a vector ⇣ D .⇣1; : : : ; ⇣k/ 2 C
k and p 2 Œ1;1/, we define k⇣kp WD

.
P

k

j D1
j⇣j jp/1=p , where j⇣j j is the Euclidean norm of the j -th component ⇣j 2

C ' R
2. Similarly, we define k⇣k1 WD max1j kj⇣j j.

The terminology “nuclear norm” refers to the notion of nuclear linear opera-
tors between topological vector spaces, which has been introduced by Grothendieck
[20] in much greater generality. Here, of course, the setting is much simpler be-
cause we only need to consider linear operators between the finite-dimensional
Banach spaces .Rd ; j�j/ and .Ck; k�kp/. For a detailed discussion on the nuclear
norm of operators between Banach spaces, see, e.g., [23].

Remark 3.2. The choice of the nuclear norm can be explained by the fact that the
nuclear norm j�jnucl;p is dual to the standard operator norm on the space of linear
maps .Ck; k�kp/ ! .Rd ; j�j/ (see, e.g., [23, Proposition 1.11]). Heuristically, just
as the operator norm “is analogous” to the comass norm on ƒ1

Rk .R
d /, so does

the nuclear norm “correspond” to the mass norm on ƒ1;Rk .Rd /. (For a precise
statement, see Lemma 3.7 below.) In the case p D 2, the nuclear norm reduces to
the so-called trace norm or 1-Schatten norm: for any linear map A W Rd ! C

k we
have

jAjnucl;2 D trace
⇣
.A⇤A/1=2

⌘
D

sX
iD1

j�i j
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where A⇤ is the adjoint of A, s WD min.d; 2k/ and �1; : : : ; �s are the singular
values of A.

We set
Ep.u/ WD

ˆ

Rd

jru.x/jnucl;p dx; (3.5)

where u D .u1; : : : ; uk/ 2 QS , and

Ep.S/ WD inf
˚
Ep.u/ W u D .u1; : : : ; uk/ 2 QS

 
: (3.6)

Remark 3.3. When k D 1, the problems (3.3) and (3.6) reduce to the one studied
in [12, 13]. When d D 2, our energy Ep belongs to the class of energies investi-
gated in [5], where the authors make a connection with branched optimal transport
theory. Therefore, in the planar case we provide information on the relationship
between energy-minimizing torus-valued maps with prescribed topological points
singularities and the branched optimal transport problem or Gilbert-Steiner prob-
lem between those points. This is in the spirit of the work by Brezis, Coron and
Lieb [12], which provides the connection between the energy of harmonic maps
and the optimal transport Monge-Kantorovich problem.

We start with some auxiliary results.

Lemma 3.4. Let R be a classical integer-multiplicity flat boundary in R
d , of di-

mension .d � 2/, with compact support. Let T be a classical current of dimension
.d � 1/, of finite mass, such that @T D R. Assume that T is represented by an
integrable vector field (still denoted T ) and that T 2 C1.Rd nsptR; ƒd�1.R

d //.
Let � W S1 ! R

d be a Lipschitz loop, such that �.S1/ ✓ R
d n sptR. Then, the

integral ˆ

�.S1/

?T

is an integer number.

Proof. The Hodge dual ?T is a differential 1-form and is smooth away from the
support of R, so the integral of ?T on �.S1/ is well-defined. In order to prove
that the integral is an integer number, we can assume without loss of general-
ity that R is a polyhedral current. Indeed, let " > 0 be a small number. Even
if R is not polyhedral, by Federer’s polyhedral approximation theorem [16, Sec-
tions 4.2.20 and 4.2.22] there exist an integer-multiplicity polyhedral current P1

and finite-mass, integer-multiplicity currents Q1, Q0
1
, all of them supported in an

"-neighbourhood of sptR, such that R � P1 D Q1 C @Q0
1
. As @R D 0, we

have @Q1 D �@P1 and in particular, the boundary of Q1 is polyhedral. There-
fore, by Federer and Fleming’s deformation theorem [16, Section 4.2.9], we can
write Q1 D P2 C @Q2, where P2, Q2 are integer-multiplicity currents of fi-
nite mass supported in an "-neighbourhood of sptQ1 and P2 is polyhedral. Let
QT WD T � Q0

1
� Q2. Then, @ QT D R � @.Q0

1
C Q2/ D P1 C P2 is polyhedral
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and, since we have assumed that �.S1/ is a compact subset of Rd n sptR, we can
take " small enough so that QT D T in a neighbourhood of �.S1/. Therefore, up
to replacing T with QT , there is no loss of generality in assuming that @T D R is
polyhedral. Moreover, it is not restrictive to assume that �.S1/ is the boundary of
a 2-dimensional polyhedron †. Indeed, the form ?T is closed in the complement
of sptR (due to Equation (2.30)) and �.S1/ can be approximated by polyhedral
boundaries, each of which is a finite sum of boundaries of individual polyhedra.
Finally, up to a small perturbation, we can take † transverse to each simplex in
R. Then, for each .d � 2/-dimensional simplex K in R, the intersection K \ †
contains at most one point.

Let us assign an orientation to each .d � 2/-simplex K in R, by considering
a unit .d � 2/-vector ⌧K that spans the plan of K. Let ⌧† be a unit 2-vector
that spans the plan of †. We define the intersection number I.K; †/ as follows:
I.K; †/ WD 0 if K \ † is empty; I.K; †/ WD 1 if K \ † is non-empty and
?.⌧K ^ ⌧†/ > 0; and I.K; †/ WD �1 otherwise. Let ✓.K/ 2 Z be the multiplicity
of R along the (oriented) simplex K. We claim that

ˆ

@†

?T D
X
K

✓.K/ I.K; †/; (3.7)

where the sum is taken over all .d � 2/-simplices K of R. Indeed, let " > 0 be a
small parameter and let ⇢" be a mollifier, as in (2.31). Stokes’ theorem implies

ˆ

@†

?.T ⇤ ⇢"/ D
ˆ

†

d.?.T ⇤ ⇢"//
(2.30)D �

ˆ

†

?@.T ⇤ ⇢"/

and hence, by Lemma 2.10,
ˆ

@†

?.T ⇤ ⇢"/ D �
ˆ

†

?.R ⇤ ⇢"/: (3.8)

The right-hand side of (3.8) can be further evaluated by writing the convolution
R ⇤ ⇢" as an integral (which is possible, because R is polyhedral). Then, (3.7)
follows by taking the limit as " ! 0 in both sides of (3.8), and (3.7) implies the
conclusion of the lemma.

Lemma 3.5. Let T D .T1; : : : ; Tk/ be an R
k-normal current of dimension .d � 1/

and having compact support, such that @T D S . Let p 2 Œ1; 1ç be fixed. Then,
the following statements hold:

(i) For any ⌘ > 0, there exists an R
k-normal current of dimension .d � 1/,

NT D . NT1; : : : ; NTk/, such that NTi 2 C1 �
R

d n sptSi Iƒd�1.R
d /
�

for any index
i , @ NT D S and Mp. NT /  Mp.T /C ⌘;

(ii) Moreover, there exists u 2 QS such that

1

2⇡
? j.u/ D NT : (3.9)
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Proof.

Proof of .i/. We prove this fact using the properties of the convolution, introduced
in Sections 2.2.1, 2.2.2. Let ⇢" be a symmetric mollifier kernel, exactly as in Sub-
sections 2.2.1. We consider the convolution T ⇤ ⇢". Each component of T ⇤ ⇢" is a
classical current carried by a smooth .d � 1/-vector-valued function with compact
support in R

d . Moreover, for " small enough, the mass of T ⇤⇢" is arbitrarily close
to the mass of T (see Property (iii) in Section 2.2.1). However, we cannot choose
T" D T ⇤ ⇢", because the boundary of T ⇤ ⇢" is not necessarily equal to S — in
fact, Property (ii) in Section 2.2.1 gives

@.T ⇤ ⇢"/ D S ⇤ ⇢": (3.10)

Therefore, we need to modify T ⇤⇢" in a suitable way, so as to obtain a new current
whose boundary is equal to S .

By Lemma A.1 in the appendix, there exists a vector-valued map

R" 2 L1
�
R

d IRd
�

that is smooth in R
d n f0g, satisfies

divR" D ı0 � ⇢" (3.11)

and kR"kL1.Rd / ! 0, spt.R"/ ⇢ NB".0/. We consider the convolution S ⇤ R",
defined in Section 2.2.2. This is a .d � 1/-dimensional normal Rk-current, and
the i -th component of S ⇤ R" is carried by a vector field that is smooth in the
complement of sptSi , by Lemma 2.11. Moreover, (2.45) implies

@.S ⇤R"/ D .�1/d�2R" ⇤ @S � S ⇤ divR" D ⇢" ⇤ S � S: (3.12)

Let T" WD T ⇤⇢" �S ⇤R". By (3.10) and (3.12), we have @T" D S . Moreover, each
component T i

"
of T" is carried by a vector-field in C1

c

�
R

d n sptSi Iƒd�1.Rd /
�

and, thanks to (2.37), (2.44), we have

Mp.T"/  Mp.T ⇤ ⇢"/C Mp.S ⇤R"/

 Mp.T /C kR"kL1.Rd / Mp.S/

 Mp.T /C o.1/
(3.13)

as " ! 0. Therefore, taking " small enough (depending on ⌘), the current NT WD T"

has all the required properties.

Proof of .ii/. We recall thatGi is the subset ofW 1;1

loc .R
d I S1/ consisting of the maps

ui that are constant outside an open ball of radius ri D ri .ui / and are such that
?J.ui / D ⇡Si . We shall prove that, for each i D 1; : : : ; k, there exists ui 2 Gi

such that
1

2⇡
? j.ui / D T";i : (3.14)



TORUS-VALUED MAPS, PLATEAU’S PROBLEM, AND BV-LIFTING 279

Then, choosing u D .u1; : : : ; ; uk/, the lemma will follow. Let fix a point x0 in
R

d n sptSi . The set Rd n sptSi is open and, by assumption, connected. Therefore,
for any x 2 R

d n sptSi there exists a path � i
x

W Œ0; 1ç, whose support is contained
in R

d n sptSi , that connects x and x0. Define

✓i .x/ WD .�1/d�1

ˆ

�
i
x

?T";i ; (3.15)

then let ui .x/ WD e2⇡i✓i .x/. The quantity ui .x/ is well defined and independent of
the choice of � i

x
. Indeed, if �1; �2 are two paths connecting x and x0, Lemma 3.4

implies ˆ

�1

?T";i �
ˆ

�2

?T";i 2 Z: (3.16)

We now prove that the map ui W Rd n sptSi ! S
1 is smooth in R

d n sptSi . Take
an arbitrary small open ball centered at y0 with radius r , Bd

r
.y0/ ⇢ R

d n sptSi .
Thanks to (2.29), one has

.�1/d�1 d.?T";i / D @T";i D Si D 0 in B
d

r
.y0/:

Therefore, there exists a smooth function 'i W Bd
r
.y0/ ! R such that d'i D

.�1/d�1 ? T";i . Up to an additive constant, we can assume that 'i .y0/ D 0. For
any x 2 B

d
r
.y0/, let �x be the path connecting y0 to x along the radius of the ball.

By definition of ui , one has

ui .x/ D ui .y0/ e
2⇡i N'i .x/; (3.17)

where

N'i .x/ WD .�1/d�1

ˆ

�
i
x

?T";i D
ˆ

�
i
x

d'i D 'i .x/: (3.18)

Therefore, ui .x/ D ui .y0/ e
2⇡i'i .x/. This proves that ui is smooth in B

d
r
.y0/,

because 'i is. Moreover, by explicit computation, we obtain

j.ui / D 2⇡d'i D 2⇡i .�1/d�1 ? T";i (3.19)

and (3.14) follows. Due to the special structure of the target manifold S
1, we have,

for each x 2 R
d ,

j?j.ui /.x/j D jj.ui /.x/j D jrui .x/j (3.20)

(we recall that the notation j�j, without any subscript, indicates the Euclidean norm;
see Remark 2.2). From (3.14) and (3.20), combined with the fact that T";i has finite
mass, it follows that ui 2 W 1;1.Rd n spt.Si /; S

1/. On the other hand, a general
property of Sobolev spaces is that W 1;1.Rd n F / D W 1;1.Rd / for any closed set
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F ✓ R
d such that Hd�1.F / D 0 (see, e.g., [28, Theorem 1.2.5 p. 16]). There-

fore, taking Assumption (1.10) into account, we deduce that ui 2 W 1;1.Rd ; S1/.
Moreover, (3.14) and (2.29) imply

?J.ui / D 1

2
? .dj.ui // D 1

2
@.?j.ui // D ⇡ @T";i D ⇡Si : (3.21)

Finally, since T";i has compact support, it follows by construction that ui is con-
stant outside some open ball that contains T";i (see Equation 3.15). This shows that
ui 2 Gi and completes the proof.

Remark 3.6. We deduce from Lemma 3.5 that, if S has finite mass and assump-
tion (1.10) is satisfied, then the space QS is non-empty.

Before we state our next lemma, we introduce a notation: for ! 2 ƒ1

Rk .R
d /,

we define

NN.!/ (3.22)

WD inf

(
lX

iD1

kzik⇤
q

j!i j W !D
lX

iD1

zi ˝ !i ; zi 2 .Rk/⇤; !i is a 1-covector in R
d

)
;

where q 2 Œ1;1ç is the conjugate exponent of p, i.e., 1=p C 1=q D 1. (We recall
that k�k⇤

q
denotes the dual of the q-norm on R

k; therefore, k�k⇤
q

is the p-norm on
.Rk/⇤.) The right-hand side of (3.22) is formally analogous to the characterization
of the mass norm of a vector, given by Equation (2.7); however, the function NN
is defined on forms, not vectors. Finally, we recall that the mass norm j�jmass;p for
vectors is defined by (2.6).

Lemma 3.7. Let u D .u1; : : : ; uk/ be in QS . Then, for a.e. x 2 R
d , there holds

jru.x/jnucl;p D NN.ju.x// D j?ju.x/jmass;p: (3.23)

Proof. Let x 2 R
d be a differentiability point for u. As ju.x/ is an .Rk/⇤-valued

1-covector, we have NN.ju.x// D j?ju.x/jmass;p (for more details, see Lemma A.2
and Remark A.3 in the appendix). We shall prove that jru.x/jnucl;p D NN.ju.x//.
Step 1. We first prove that

jru.x/jnucl;p � NN.ju.x//: (3.24)

Consider a decomposition of ru.x/ of the form

ru.x/ D
`X

hD1

zh ˝ vh; (3.25)
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where zh D .z1

j
; : : : ; zk

j
/ 2 C

k ' R
2k and vh is a 1-covector in R

d for any
h D 1; : : : ; `. Let m 2 f1; : : : ; kg be fixed. We identify ru.x/ with a real
.2k/ ⇥ d -matrix and multiply on the left both sides of equality (3.25) by the (col-
umn) vector .0; : : : ; ium.x/; : : : ; 0/

T 2 C
k ' R

2k , in accordance with the rule
of multiplication of matrices. Recalling that Equation (2.48) can be written in the
form j.um/ D hium; dumi (where h�; �i stands for the inner product between com-
plex numbers), we obtain that

j.um/.x/ D
`X

hD1

˝
ium.x/; z

m

h

˛
vh (3.26)

for each m D 1; : : : ; k. Therefore, it follows that

ju.x/ D
`X

hD1

zu;h ˝ vh

where zu;h WD
˝
iu1.x/; z

1

j

˛
e⇤

1
C : : :C

˝
iuk.x/; z

k

j

˛
e⇤

k
2
�
R

k
�⇤
:

(3.27)

We observe that for any h D 1; : : : ; ` and for any m D 1; : : : ; k, by applying the
Cauchy-Schwarz inequality we have

jhium.x/; z
m

h
ij  jium.x/j jzm

h
j D jzm

h
j;

since jium.x/j D 1. Then,

`X
hD1

kzhkp jvhj �
`X

hD1

kzu;hk⇤
q

jvhj: (3.28)

From equality (3.28), combined with the definition of NN (Equation (3.22)) and the
definition of the nuclear norm of a matrix (3.4) (see also remark 3.1), we conclude
that (3.24) holds.

Step 2. Now, we prove that

jru.x/jnucl;p  NN.ju.x//: (3.29)

We first observe that, for any v 2 W 1;1

loc .R
d ; S1/, one has

rv.x/ D iv.x/˝ j.v/.x/ (3.30)

for a.e. x 2 R
d . Indeed, by differentiating the constraint jvj2 D 1 a.e., for any test

vector e 2 R
d one obtains h@ev.x/; v.x/i D 0 for a.e. x 2 R

d and hence, @ev.x/
must be parallel to iv.x/ a.e. Then, taking (2.48) into account, (3.30) follows. Now
suppose that

ju.x/ D
`X

hD1

zh ˝ vh; (3.31)
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where zh D .z1

h
; : : : ; zk

h
/ 2 .Rk/⇤ and vh is a 1-covector in R

d , for h D 1; : : : ; `.
By applying (3.30), we deduce

ru.x/ D
kX

mD1

rum.x/ e
⇤
m

D
kX

mD1

ium.x/ e
⇤
m

˝ j.uh/.x/

and hence, thanks to (3.31),

ru.x/ D
kX

mD1

`X
hD1

izm

h
um.x/ e

⇤
m

˝ vh D
`X

hD1

⇣h ˝ vh; (3.32)

where ⇣h WD P
k

mD1
izm

h
um.x/ e

⇤
m

2 C
k (and, we recall, zm

h
2 R is the m-th

component of zh). Since jum.x/j D 1, the Cauchy-Schwarz inequality implies that
k⇣hkp  kzhk⇤

q
for any h 2 f1; : : : ; `g. Therefore, from (3.4), (3.22) and (3.32),

we obtain (3.29).

Proof of Theorem A. We shall prove that equality (1.13) holds true for 1  p < 1
first, and deal with the case p D 1 later.

Step 1. Let p 2 Œ1; 1/ be fixed. In this step we shall prove that

Ep.S/ D 2⇡ PRk ;p.S/: (3.33)

Let u 2 QS . From Lemma 3.7, one has
ˆ

Rd

jrujnucl;p dx D
ˆ

Rd

j?jujmass;p dx: (3.34)

Moreover, T WD 1

2⇡
? ju is an R

k-normal current of dimension .d � 1/ such that
@T D S (see Remark 2.12) and

Mp.T / D 1

2⇡

ˆ

Rd

j?jujmass;p dx (3.35)

(see Remark 2.7). Therefore, in view of (3.34) and (3.35), we deduce that
ˆ

Rd

jrujnucl;p dx D
ˆ

Rd

j?jujmass;p dx � 2⇡ PRk ;p.S/: (3.36)

By taking the infimum over all u 2 QS in inequality (3.36), we obtain that

Ep.S/ � 2⇡ PRk ;p.S/: (3.37)

Now, let T be an R
k-normal current such that @T D S and Mp.T /  1. We are

going to prove that for each ⌘ > 0, there exists u 2 QS such that

2⇡Mp.T /C ⌘ � Ep.u/: (3.38)
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This will imply the opposite inequality

2⇡ PRk ;p.S/ � Ep.S/; (3.39)

and (3.33) will follow. Without loss of generality, we can assume that T has com-
pact support. Indeed, since we have assumed that S has compact support, we
can consider a closed ball NBd

r
.0/ with center at the origin and radius r > 0 such

that sptS ⇢ NBd
r
.0/. Let Pr W Rd ! NBd

r
.0/ be the nearest-point projection onto

NBd
r
.0/. Pr is a Lipschitz map with Lipschitz constant 1. Then, the push-forward

Pr#.T / D .Pr#.T1/; : : : ; Pr#.Tk// is an R
k-normal current of dimension d � 1,

with support contained in NBd
r
.0/ and @Pr#.T / D Pr#.@T / D S . Moreover,

Mp.Pr#.T / � T / 
kX

iD1

Mp.Pr#.Ti / � Ti /


kX

iD1

Mp

⇣
Ti

�
R

d n Br.0/
�⌘

(3.40)

(where denotes the restriction). The right-hand side of (3.40) tends to zero, and
we obtain that Pr#.T / converges to T with respect to the mass norm, as r ! 1.
Therefore, there is no loss of generality in assuming T is a current of compact sup-
port; but then, (3.38) follows from Lemma 3.5. This completes the proof of (3.33).

Step 2. Again, let p 2 Œ1; 1/. In this step we shall prove that

Hp.S/  Ep.S/  H1.S/  k1� 1
p Hp.S/: (3.41)

In fact, for any u 2 QS there holds

Hp.u/  Ep.u/  H1.u/  k1� 1
p Hp.u/: (3.42)

Indeed, using (2.8) (or see Lemma A.6), Remark 2.7 and Lemma 3.7 imply

ˆ

Rd

 
kX

iD1

j?j.ui /jp
! 1

p

dx  Ep.u/ D
ˆ

Rd

j?jujmass;p dx


ˆ

Rd

kX
iD1

j?j.ui /jmassdx

(3.43)

where j?j.ui /j is the Euclidean norm of the classical .d � 1/-vector j.ui /. How-
ever, all .d � 1/-vectors are simple, therefore j?j.ui /j D jj.ui /j a.e. in R

d and a
standard computation shows that jj.ui /j D jrui j a.e. This proves

Hp.u/  Ep.u/  H1.u/: (3.44)
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Furthermore, the inequality

H1.u/  k1� 1
pHp.u/ (3.45)

follows from Holder’s inequality, as for any z 2 R
k , one has kzk1  k1� 1

p kzkp .

Step 3. To complete the proof, we shall check that equality (1.13) holds true in case
p D 1. To this aim, we will prove that PRk ;p.S/ is a decreasing function of p
and that

lim
p!1PRk ;p.S/ D PRk ;1.S/: (3.46)

Similar properties hold for Hp.S/, Ep.S/. We begin to prove (3.46). Let T be a
normal Rk-current of dimension d � 1. According to Lemma A.5 in the appendix,
for any 1  p1  p2  1 there holds

Mp2
.T /  Mp1

.T /  k
p2�p1
p1p2 Mp2

.T /: (3.47)

Inequality (3.47) implies that

PRk ;p2
.S/  PRk ;p1

.S/  k
p2�p1
p1p2 PRk ;p2

.S/: (3.48)

Therefore, PRk ;p.S/ is decreasing in p and bounded from below, so its limit as
p ! 1 exists and is unique. In particular, when p2 D 1, p1 D p � 1, inequal-
ity (3.48) becomes

PRk ;1.S/  PRk ;p.S/  k
1
p PRk ;1.S/: (3.49)

By taking the limit as p ! 1 in (3.49), we obtain that

lim
p!1PRk ;p.S/ D PRk ;1.S/: (3.50)

By making use of the inequalities kzkp2
 kzkp1

 k.p2�p1/=.p1p2/kzkp1
for any

z 2 R
k and 1  p1  p2 < 1, in a similar way, we also can prove that Hp.S/,

Ep.S/ are decreasing functions of p and that

lim
p!1Hp.S/ D H1.S/

lim
p!1Ep.S/ D E1.S/:

Finally, by taking the limit as p ! 1 in both sides of (3.33) and (3.41), we obtain
that

H1.S/  E1.S/ D 2⇡ PRk ;1.S/  H1.S/  kH1.S/; (3.51)

which completes the proof.
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Remark 3.8. By reasoning as in Step 3, we deduce that PZk ;p.S/ is a decreasing
function of p and that

lim
p!1PZk ;p.S/ D PZk ;1.S/: (3.52)

Therefore, from Theorem A, we obtain the following inequality:

Hp.S/Ep.S/D2⇡ PRk ;p.S/2⇡ PZk ;p.S/2⇡ PZk ;1.S/DH1.S/ (3.53)

for any value of p 2 Œ1; 1ç. The equality 2⇡ PZk ;1.S/ D H1.S/ in (3.53) can
be established using the dipole construction and applying the coarea formula for
each component-wise (see [5, Remark 18]); moreover, in Section 4 we provide an
alternative proof of the same equality (see Remark 4.7). It is also natural to ask
under which conditions Plateau’s problems PZk ;p.S/, PRk ;p.S/ are equivalent to
Ep.S/, Hp.S/. This is the case, for instance, when p D 1, as all the inequalities
in (3.53) reduce to equalities when p D 1. Moreover, if a minimizer of the prob-
lem PZk ;p.S/ admits a calibration (see Definition 2.8), then Ep.S/, PZk ;p.S/, and
PRk ;p.S/ are equal to each other. Indeed, the existence of a calibration implies that

PZk ;p.S/ D PRk ;p.S/: (3.54)

From (3.54), with the aid of Theorem A, we obtain

PZk ;p.S/ D PRk ;p.S/ D Ep.S/: (3.55)

Remark 3.9. In case d D 2, the analysis contained in this section is consistent with
[5], although we allow for slightly more general boundary data S than in [5] and,
most importantly, we do not assume the existence of a calibration for minimizers
of PZk ;p.S/. However, we do not know if our results extend to maps that take
their values in products of higher-dimensional spheres, Sm ⇥ : : :⇥ S

m with m � 2.
Furthermore, from Theorem A we deduce that, in the absence of a calibration, the
conclusion of [5, Theorem 1] (see Equation (1.5) in the introduction) may fail. Let
us consider the following example, given in [10, Example 4:2]. Let d D 2, k D 4,
p D 1, and let S be the Z

4-current carried by the vertices of a regular pentagon
P1P2P3P4P5, where the vertex Pi has multiplicity ei D .0; : : : ; 1; : : : 0/ for i D
1; : : : ; 4 (the 1 is in the i -th position) and P5 has multiplicity .�1;�1;�1;�1/. As
shown in [10], we have

2⇡ PZk ;1.S/ > 2⇡ PRk ;1.S/: (3.56)

This inequality, combined with Theorem A, implies that

2⇡ PZk ;1.S/ > E1.S/: (3.57)

This provides a counterexample for (1.5), thus proving that the existence of a cali-
bration is an assumption that cannot be removed from [5, Theorem 1]. Whether or
not the same phenomenon happens also for other values of p 2 .1; 1/ is still an
open question.
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As Equation (3.56) shows, the inequality PRk ;p.S/  PZk ;p.S/ may be strict,
in general. Nevertheless, in the next section we will derive a bound for PZk ;p.S/ in
terms of PRk ;p.S/. To this end, we will first write a characterization for PZk ;p.S/
in terms of torus-valued maps.

4. BV-liftings of torus-valued maps and mass minimization
for integral currents

In this section we address the lifting problem for torus-valued map of bounded
variation. As we will see later in the section, lifting results will allow us to obtain
a bound for PZk ;p.S/ in terms of PRk ;p.S/.

In general terms, the lifting problem can be formulated as follows. Let N
be a smooth, compact, connected Riemannian manifold without boundary and let
p W C ! N be the smooth Riemannian universal covering of N . Let � be a
smooth, bounded domain in R

d and u W � ! N a measurable map. A measurable
map ✓ W � ! C is called a lifting of u if p ı ✓ D u a.e. in �. We consider the
following question: given a regular map u W � ! N , is there a lifting ✓ W � !
C of u which has the same regularity of u? The answer depends on what kind
of regularity we assume for u. For instance, whenever � is a simple connected
domain, a classical topological result guarantees that any C k-map u W � ! N

(with k D 0; : : : ;1) has a C k lifting. The same result holds true for the other
functional spaces, for instance the Sobolev space W 1;p with p � 2 (see, e.g.,
[6, 8, 31]). However, the conclusion may fail for other functional spaces — for
instance, the Sobolev spaceW 1;p with 1  p < 2. (For example, when the domain
� D B

2

1
.0/ is the unit ball in R

2 and N D S
1, the map u.x/ WD x

jxj belongs to
W 1;p.�; S1/ but has no lifting in W 1;p.�;R/.) Therefore, we are naturally led
to relax the regularity requirements on the liftings and look for a lifting in a larger
space. It was initially proved in [19] that for any map u 2 BV.�I S1/, there always
exists a function ✓ 2 BV.�IR/ of bounded variation such that u D ei✓ a.e. (here
� does not need to be simply connected). A similar lifting result can be established
when the target is a general closed manifold [14].

There are many contributions to the lifting problem (see for instance [7, 9, 11,
15,22,29,30] and the references therein). In this paper, we consider as target space
the manifold N D T

k D S
1 ⇥ : : :⇥ S

1 ✓ C
k , with its covering space C D R

k and
the lifting map given by

p W Rk �! T
k D S

1 ⇥ : : : ⇥ S
1

.✓1; : : : ; ✓k/ 7�!
�
ei✓1 ; : : : ; ei✓k

�
:

(4.1)

We will also use the following notation for the covering map: given ✓D.✓1; : : : ; ✓k/,
we define

ei✓ WD p.✓/ D
�
ei✓1 ; : : : ; ei✓k

�
2 T

k : (4.2)

Since we are interested in BV-liftings (i.e., liftings that belong to the space of
functions of Bounded Variation), let us briefly recall the notion of BV-space (see,
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e.g., [4] for more details). A function ✓ 2 L1

loc.R
d ;Rk/ is a function of locally

bounded variation, ✓ 2 BVloc.R
d ;Rk/, if its distributional derivative D✓ is a

vector-valued Radon measure on the � -algebra of Borel sets of Rd and the total
variation of jD✓ j.�/ is finite for any bounded, open set � ✓ R

d . The derivative
D✓ can then be decomposed as:

D✓ D Da✓ C Dj ✓ C Dc✓; (4.3)

where:

✏ Da✓ is the absolutely continuous part of D✓ with respect to the Lebesgue mea-
sure, which can be written as Da✓ D r✓ Ld , where r✓ is the approximate
differential;

✏ Dj ✓ is the jump part, which can be written as Dj ✓D.✓C�✓�/˝nHd�1xS.✓/,
where S.✓/ is the set of approximate discontinuities (or jump set), oriented by
the unit normal vector field n, and ✓C, ✓� are the one-sided approximate limits
of ✓ on either side of S.✓/;

✏ Dc✓ is the Cantor part of D✓ , which is mutually singular to both Da✓ and Dj ✓ .

The total variation of ✓ 2 BVloc.R
d ;Rk/ on a bounded open set � ✓ R

d can be
represented as

jD✓ j.�/ D
ˆ

�

jr✓ j dx C
ˆ

S.✓/\�

j✓C � ✓�j dHd�1 C jDc✓ j.�/: (4.4)

We say that ✓ is a locally SBV function, and we write ✓ 2 SBVloc.R
d ;Rk/, if

✓ 2 BVloc.R
d ;Rk/ and Dc✓ D 0. For any ✓ D .✓1; : : : ; ✓k/ 2 SBVloc.R

d ;Rk/,
and any p 2 Œ1;1ç, we define

j✓ jSBV;p WD
ˆ

Rd

kr✓kp dx C
ˆ

S.✓/

k✓C � ✓�kp dHd�1; (4.5)

where
ˆ

Rd

kr✓kp dx WD
ˆ

Rd

k.jr✓1j; : : : ; jr✓kj/kp dx

D
ˆ

Rd

.jr✓1jp C : : :C jr✓kjp/
1
p dx;

if p is finite; the case p D 1 is defined in a similar way. In general, the value of
the quantity j✓ jSBV;p may be infinite.

Throughout this section, we consider again a .d � 1/-dimensional integer-
multiplicity flat boundary S with compact support and finite mass. Unless other-
wise stated, we assume that S satisfies condition (1.10) (however, the proof of The-
orem C will not rely on assumption (1.10)). We consider a map u D .u1; : : : ; uk/

that belongs to QS — that is, u 2 W
1;1

loc .R
d ; Ck/ is constant in a neighbourhood
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of infinity and satisfies ?J.u/ D ⇡S . A map ✓ D .✓1; : : : ; ✓k/ is said to be a
BV-lifting of u if ✓ belongs to BVloc.R

d IRk/ and ei✓ D u, where ei✓ is defined as
in (4.2). Earlier results on the lifting problem for circle-valued maps [15,19] imply
that any map u 2 QS admits a lifting ✓ 2 BVloc.R

d IRk/ that satisfies a suitable
estimate.

Theorem 4.1. Let u D .u1; : : : ; uk/ be in QS . Then, there exists a function ✓ D
.✓1; : : : ; ✓k/ 2 SBVloc.R

d IRk/ such that

ei✓ D u (4.6)

and
j✓ jSBV;p  2k1� 1

pHp.u/: (4.7)

Remark 4.2. The existence of a BV-lifting for torus-valued maps, and more gener-
ally for maps with values in a closed manifold, has been proved in [14, Theorem 1].
However, the results of [14] do not provide an explicit estimate for the constant
in (4.7). Instead, we will apply a result by Dávila and Ignat [15], who proved the
existence of BV-liftings for circle-valued maps and provided the optimal value of
the constant in (4.7) when k D 1. We do not know whether the factor 2k1� 1

p is
optimal for k > 1 (see Theorem 4.6).

Proof of Theorem 4:1. Applying the results of [15], for each j D 1; : : : ; k there
exists a function ✓j 2 SBVloc.R

d ;R/ such that ✓j is a lifting of uj , i.e.,

ei✓j D uj ; (4.8)

and

j✓j jBV D
ˆ

Rd

jr✓j j dx C
ˆ

S.✓j /

ˇ̌
✓C

j
� ✓�

j

ˇ̌
dHd�1  2

ˆ

Rd

jruj j dx: (4.9)

Let ✓ D .✓1; : : : ; ✓k/. By taking the sum over j in both sides of (4.9), we obtain

j✓ jSBV;1  2H1.u/: (4.10)

Taking into account that, for any z 2 R
k , the function p 2 Œ1; 1ç 7! kzkp is

decreasing (see Lemma A.32), we obtain

j✓ jSBV;p  j✓ jSBV;1  2H1.u/  2k1�1=p Hp.u/; (4.11)

we have made use of (4.10) and applied the Holder inequality.

Remark 4.3. One has jr✓j .x/j D jruj .x/j at points where ✓j is approximately
differentiable. Indeed, let x be a point of approximate differentiability for ✓ . By
differentiating the identity ei✓j D uj , we obtain for any ` D 1; : : : ; d

@✓j .x/

@x`

ei✓j .x/ D @uj .x/

@x`

: (4.12)
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Thus, ˇ̌
ˇ̌@✓j .x/

@x`

ˇ̌
ˇ̌ D

ˇ̌
ˇ̌@uj .x/

@x`

ˇ̌
ˇ̌ : (4.13)

As a consequence, we deduce

jr✓j .x/j D jruj .x/j (4.14)

for a.e. x 2 R
d and hence,

ˆ

Rd

kr✓kp dx D Hp.u/ (4.15)

for any p 2 Œ1; 1ç.

We now address the relationship between the lifting problem and mass mini-
mization among integral currents, and prove Theorem B. For convenience, we re-
call some notation. Given S as above, let us choose a map u D .u1; : : : ; uk/ 2 QS .
This is possible because, under our assumption (1.10) for S , the set QS is non-
empty (see Remark 3.6). We consider the following problem, for p 2 Œ1; 1ç:

Lp.S; u/ WD inf
⇢ˆ

S.✓/

k✓C.x/�✓�.x/kp dHd�1.x/ W ✓ is a BV-lifting of u
�
: (L)

First, we show that the infimum at the right-hand side of (L) is independent of the
choice of u.

Lemma 4.4. If u 2 QS , v 2 QS (in particular, ?J.u/ D ?J.v/ D ⇡S ), then
Lp.S; u/ D Lp.S; v/ for any p 2 Œ1; 1ç.

Proof. Since ?J.u/ D ?J.v/ D ⇡S , by an explicit computation we obtain

J.uj vj / D J.uj / � J.vj / D 0

for any index j D 1; : : : ; k. Therefore, there exists wj 2 W 1;1.Rd IR/ such that

uj vj D eiwj (4.16)

(see for instance [13, Lemma 1:8]). On the other hand, we have vj vj D jvj j2 D 1,
which implies

uj D eiwj vj : (4.17)

Let ✓ D .✓1; : : : ; ✓k/ be a BV-lifting of u. Then, N✓ D .✓1 � w1; : : : ; ✓k � wk/ is
a BV-lifting of v with the same jump as ✓ , since each wj is a Sobolev function.
Conversely, for any BV-lifting of v there exists a BV-lifting of u with the same
jump. Therefore, Lp.S; u/ D Lp.S; v/, as claimed.

In view of Lemma 4.4, from now on we write Lp.S/ instead of Lp.S; u/.
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Remark 4.5. The infimum at the left-hand side of (L) is always attained. Indeed,
if .✓j /j 2N is a minimizing sequence for Lp.S/, then the chain rule implies that
✓j 2 SBVloc.R

d ; Rk/ (if ✓j had a nonvanishing Cantor part, then u D ei✓ would
have a nonvanishing Cantor part, too, because the map ✓ 7! ei✓ has injective
differential at any point). Moreover, the absolutely continuous gradient r✓j is
bounded inL1.Rd /, by Remark (4.3). Therefore, the sequence .✓j /j 2N is bounded
in BVloc.R

d / and, up to extraction of a subsequence, it converges weakly in BV to
a limit ✓ 2 BVloc.R

d ; Rk/, which is a lifting of u and a minimizer of (L).

Proof of Theorem B. Let u 2 QS be given. We need to prove that L.S/ D
2⇡ PZk ;p.S/. The proof relies on the properties of the jump set for liftings of
torus-valued W 1;1-maps. In case k D 1, this properties have been studied in,
e.g., [19,21]. However, for the reader’s convenience, we will present the arguments
in a (mostly) self-contained way.

Step 1. First, we prove the inequality

Lp.S/ � 2⇡ PZk ;p.S/: (4.18)

Let ✓ D .✓1; : : : ; ✓k/ be a BV-lifting of u. We can define a current T .✓/, with
coefficients in Z

k , associated with the jump part of ✓ , in such a way that @T .✓/ D
S . More precisely, T .✓/ is defined component-wise as T .✓/ D .T1; : : : ; Tk/,
where

Ti D JS.✓i /; ⌧i ; ciK

for each index i . Here, S.✓i / is the jump set of ✓i , ci .x/ WD 1

2⇡
.✓C

i
.x/�✓�

i
.x// for

H
d�1-a.e. x 2 S.✓i /, and ⌧i is a unit .d � 1/-vector orienting the jump set S.✓i /.

We observe that the function ci must take integer values (at least Hd�1-almost
everywhere), because ui D ei✓i is a Sobolev function, with no jumps.

We shall now prove that each component Ti has boundary Si . The differential
operator d satisfies the identity d2✓i D 0 in the sense of distributions — that is, for
any v 2 C1

c .Rd ; ƒ2.R
d // one has

hd✓i ; d⇤vi D 0: (4.19)

Here h�; �i is the duality between (form-valued) measures and (vector-valued) func-
tions, while d⇤ is the codifferential, defined in (2.26). From Remark 4.3, at the
point x where ✓i is approximately differentiable, one has

d✓i .x/ D ui .x/ ^ dui .x/ D j.ui /.x/: (4.20)

In view of (4.20), Equation (4.19) can be written as
ˆ

Rd

hj.ui /; d⇤vi dx C
ˆ

S.✓i /

�
✓C

i
� ✓�

i

�
.ni ; d⇤v/ dHd�1 D 0; (4.21)
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where ni is the unit normal to S.✓i /. We observe that .�1/d�1ni D .?⌧i /
#, because

⌧i is the unit tangent .d � 1/-vector to S.✓i /. Let ! WD ?v. As ? is an isometry,
we have

�.ni ; d⇤v/ D .�1/d .ni ; ?d!/ D �.?ni ; d!/ D .⌧i ; d!/ (4.22)

(where .�; �/ denotes the Eulidean scalar product on both vectors and covectors).
From (2.26), (4.21) and (4.22), we deduce that

ˆ

Rd

hdj.ui /; vi dx � 2⇡
ˆ

S.✓i /

ci .⌧i ; d!/ dHd�1 D 0 (4.23)

or, equivalently,

?J.ui /.!/ � ⇡ Ti .d!/ D 0 () .?J.ui / � ⇡ @Ti / .!/ D 0:

As v is arbitrary, and hence ! is, we have proved that ⇡ @Ti D 1

⇡
J.ui / D Si , as

claimed. Moreover, by definition of T .✓/, one has
ˆ

S.✓/

k✓C.x/ � ✓�.x/kp dHd�1.x/ D 2⇡Mp.T .✓//; (4.24)

so (4.18) follows.

Step 2. Now, we prove the opposite inequality,

Lp.S/  2⇡ PZk ;p.S/: (4.25)

Let NT D . NT1; NT2; : : : ; NTk/ be a Z
k-rectifiable current such that @ NT D S . Let

u 2 QS (QS is non-empty, see Remark 3.6): we shall prove that, for any index j ,
there exists a BV-lifting N✓j of uj such that the jump part of ✓j is associated with
the current NTj — that is,

NTj D JS. N✓j /; N⌧j ; Ncj K; (4.26)

where S. N✓j / is the jump set of N✓j , N⌧j is a unit .d � 1/-vector field that orients
S. N✓j / and Ncj .x/ D 1

2⇡

� N✓C
j
.x/ � N✓�

j
.x/
�

for Hd�1-a.e. x 2 S N✓j
. Indeed, let

✓ D .✓1; : : : ; ✓k/ be a BV-lifting of u (which exists, by Theorem 4.1), and let
T .✓/ be the current associated with the jump part of uj , as constructed in Step 1.
As we have seen, @T .✓/ D Sj , which implies @. NT �T .✓// D 0. Therefore, for any
index j there exists a d -dimensional integral current Rj , with locally finite mass,
such that @Rj D NTj � Tj .✓/. Moreover, ?Ri can be identified with a scalar func-
tion, which belongs to L1

loc.R
d ; R/ and takes its values in Z, since Rj is integral.

From (2.30), one also has

d.?Rj / D � ? .@Rj / D ?
�
Tj .✓/ � NTj

�
(4.27)

N✓j D ✓ � 2⇡ ? Rj : (4.28)
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Then, N✓j is a BV-lifting of uj and from (4.28), (4.27) we deduce that the current
associated with the jump set of N✓j is T .✓j / �

�
Tj .✓/ � NTj

�
D NTj . (Indeed, by

construction T .✓j / coincides with the Hodge dual to the jump part of the distribu-
tional differential d✓j , up to a sign.) Therefore, the function N✓ D . N✓1; : : : ; N✓k/ is a
BV-lifting of u D .u1; : : : ; uk/ which satisfies (4.26). Moreover,

Lp.S/ 
ˆ

S. N✓/

�� N✓C
.x/ � N✓�

.x/
��

p
dHd�1.x/ D 2⇡Mp. NT /: (4.29)

Therefore, we can conclude that (4.25) holds.

From Theorem B, we can deduce a sufficient and necessary condition for the
equality Hp.S/ D PZk ;p.S/ to hold, in terms of the lifting constant in (4.7).

Theorem 4.6. Let 1  p  1 and let S be a Z
k-boundary of compact support S

and finite mass that satisfies assumption (1.10). Then, there holds 2⇡ PZk ;p.S/ D
Hp.S/ if and only if for any u 2 QS , there exists a lifting ✓ 2 SBVloc.R

d IRk/ of
u such that

j✓ jSBV;p  2Hp.u/: (4.30)

Proof of Theorem 4:6. Suppose first that 2⇡ PZk ;p.S/ D Hp.S/. Let u 2 QS . By
Theorem B and Remark 4.5, there exists a lifting ✓ 2 SBV.Rd IRk/ of u such that

ˆ

S.✓/

k✓C.x/ � ✓�.x/kp dHd�1.x/ D Lp.S/ D Hp.S/  Hp.u/: (4.31)

From Remark 4.3 and inequality (4.31), we deduce that

j✓ jSBV;p  2Hp.u/:

Conversely, suppose that for any u 2 QS there exists a lifting ✓ 2 SBV.Rd IRk/
of u such that

j✓ jSBV;p  2Hp.u/:

Again, from Remark 4.3, this implies
ˆ

S.✓/

k✓C.x/ � ✓�.x/kp dHd�1.x/  Hp.u/: (4.32)

Combining (4.32) with Theorem B, we obtain that

2⇡ PZk ;p.S/  Hp.u/:

As u can be taken arbitrarily, we conclude that

2⇡ PZk ;p.S/  Hp.S/:
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Remark 4.7. The equality 2⇡ PZk ;p.S/ D Hp.S/ is true when k D 1 or p D 1,
because in this case, we have the lifting property with factor 2, by Theorem 4.1.
However, the equality 2⇡ PZk ;p.S/ D Hp.S/ may fail in general. One may give
examples (see [10, Example 4.2] and Remark 3.9 above) where

PZk ;p.S/ > PRk ;p.S/:

In this case, Theorem A implies

Hp.S/ < PZk ;p.S/; (4.33)

and, by Theorem 4.6, the optimal lifting constant (with respect to the p-norm) for
maps u 2 QS will be strictly larger than 2.

Finally, from Theorem A, Theorem 4.1, and Theorem B we deduce the core
result of our paper, namely Theorem C.

Proof of Theorem C. We need to prove that PZk ;p.S/  .2k1�1=p � 1/PRk ;p.S/,
for any Z

k-boundary S of compact support.

Step 1. We first consider the case where S is an integral polyhedral current (so that,
in particular, S has finite mass and satisfies assumption (1.10)). By Remark 3.6,
we know that there exists u 2 QS . According to Theorem 4.1, there exists a lifting
✓ 2 SBVloc.R

d ; Rk/ of u such that

j✓ jSBV;p  2k1� 1
pHp.u/: (4.34)

This inequality, together with Remark 4.3, implies
ˆ

S.✓/

k✓C.x/ � ✓�.x/kp dHd�1.x/ 
⇣
2k1� 1

p � 1
⌘
Hp.u/: (4.35)

From (4.35), Theorem A and Theorem B, it follows that

2⇡PZk ;p.S/DL.S/
⇣
2k1� 1

p �1
⌘
Hp.S/

⇣
2k1� 1

p �1
⌘
2⇡ PRk ;p.S/ (4.36)

and hence
PZk ;p.S/ 

⇣
2k1� 1

p � 1
⌘
PRk ;p.S/; (4.37)

as claimed.

Step 2. Let S be a Z
k-boundary of dimension .d � 2/ in the ambient space R

d .
According to [16, Section 4.2.21], for each index i D 1; : : : ; k there exists a se-
quence .Sn

i
/n2N of integer-multiplicity, polyhedral .d � 2/-cycles (that is, currents

such that @Sn

i
D 0— see Definition 2.6), as well as sequences of currents .Qn

i
/n2N,

.Rn

i
/n2N (of dimension d � 2, d � 1 respectively) such that

Si � Sn

i
D @Rn

i
CQn

i
(4.38)
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and M.Rn

i
/ C M.Qn

i
/ ! 0 as n ! 1. Set Sn WD .Sn

1
; : : : ; Sn

k
/. We shall

prove that, as n ! 1, PZk ;p.S
n/, PRk ;p.S

n/ converges to PZk ;p.S/, PRk ;p.S/
respectively. By the previous step, each Sn satisfies inequality (4.37), so the the-
orem will follow by passing to the limit as n ! 1. We shall only prove that
PRk ;p.S

n/ ! PRk ;p.S/; the claim PZk ;p.S
n/ ! PZk ;p.S/ follows by similar

arguments. As both Si and Sn

i
are cycles, by taking the differential of both sides

of (4.38) we obtain that @Qn

i
D 0 for any n and i . Then, by the isoperimetric

inequality [16, Section 4.2.10], for each n and i there exists an integral current NRn

i

such that @ NRn

i
D Qn

i
and

M. NRn

i
/  C M.Qn

i
/

d�1
d�2

for some constant C that depends on d only. Let C n

i
WD NRn

i
CRn

i
. Then, we obtain

Si � Sn

i
D @C n

i
; M.C n

i
/ ! 0 as n ! 1: (4.39)

Let T D .T1; : : : ; Tk/ be a competitor for the problem PRk ;p.S/. Define C n WD
.C n

1
; : : : ; C n

k
/ and NT n D T � C n. One has @ NT n D Sn and Mp.T � NT n/ ! 0 as

n ! 1, because

Mp.T � NT n/ 
kX

iD1

M.C n

i
/ ! 0 as n ! 1: (4.40)

Therefore, we obtain lim supn!1 PRk ;p.S
n/  Mp.T / and, since T is arbitrary,

lim sup
n!1

PRk ;p.S
n/  PRk ;p.S/:

The opposite inequality, lim infn!1 PRk ;p.S
n/ � PRk ;p.S/, is obtained by taking

an arbitrary R
k-normal current T n such that @T n D Sn and defining T WD T n C

C n.

Remark 4.8. Assume that we have the following equality

PZk ;p.S/ D Hp.S/ (4.41)

(which is not always true, as we have seen in Remark 4.7). Then, Theorem A
implies

PZk ;p.S/  PRk ;p.S/

i.e.,
PZk ;p.S/ D PRk ;p.S/: (4.42)

In particular, due to Theorem 4.6, a sufficient condition for (4.42) is that any u 2
QS admits a lifting ✓ 2 SBVloc.R

d IRk/ with j✓ jSBV;p  2Hp.u/.
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Appendix A.

In this appendix, we prove some technical results we used in the paper. First, we
recall some notation from Section 2.10. Let ⇢ 2 C1

c .Rd / be a radial function (i.e.,
⇢.x/ D N⇢.jxj/ for any x 2 R

d , for some function N⇢ W R ! R) such that 0  ⇢  1,
spt.⇢/ ✓ NBd

1
.0/ and

´
Rd ⇢.x/ dx D 1. For " > 0, we define

⇢".x/ WD "�d⇢
⇣x
"

⌘
for x 2 R

d : (A.1)

Lemma A.1. For any " > 0, there exists an integrable vector field R" 2 C1.Rd n
f0gIRd / such that:

(i) divR" D ı0 � ⇢" in the sense of D0.Rd /;
(ii) spt.R"/ ⇢ NBd

"
.0/;

(iii) kR"kL1.Rd / ! 0 as " ! 0.

Proof. We shall prove that there exists an integrable vector field R 2 C1.Rd n
f0gIRd / such that

divR D ı0 � ⇢ (A.2)

as distributions in R
d and spt.R/ ⇢ NBd

1
.0/. Then, the vector field R" defined by

R".x/ WD "�dC1R
⇣x
"

⌘
(A.3)

will satisfy all the desired properties.
We define

⇠.t/ WD 1

td

ˆ
1

t

sd�1⇢.s/ ds for t > 0 (A.4)

and R.x/ WD ⇠.jxj/ x for x 2 R
d n f0g. We observe that, since spt ⇢ ⇢ NBd

1
.0/, we

have R.x/ D 0 for any x 2 R
k with jxj � 1. Moreover, for jxj  1 and x ¤ 0 we

have
jR.x/j  1

d jxjd
⇣
1 � jxjd

⌘
jxj  1

d jxjd�1
: (A.5)

Therefore, R 2 L1.Rd IRd /. One has,

divR.x/ D �⇢.x/ for any x 2 R
d n f0g: (A.6)

Indeed, for any x ¤ 0 we have:

@Ri .x/

@xi

D @

@xi

.⇠.jxj// xi C ⇠.jxj/ D ⇠ 0.jxj/ x
2

i

jxj C ⇠.jxj/: (A.7)

By differentiating (A.4), we obtain

⇠ 0.t/ D �⇢.t/
t

� d

t
⇠.t/ (A.8)
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for any t > 0. By substituting (A.8) into (A.7), we obtain

@Ri .x/

@xi

D � x2

i

jxj2 ⇢.jxj/ � d x2

i

jxj2 ⇠.jxj/C ⇠.jxj/ (A.9)

and, by taking the sum over i D 1; : : : ; d in both sides of (A.9), (A.6) follows. We
are left to prove that

divR D ı0 � ⇢ (A.10)

over Rd in the sense of distributions, that is,

�
ˆ

Rd

r'.x/ �R.x/ dx D '.0/ �
ˆ

Rd

⇢.x/'.x/ dx (A.11)

for any ' 2 C1
c .Rd IR/. Since R 2 L1.Rd IRd /, one has

�
ˆ

Rd

r'.x/ �R.x/ dx

D � lim
"!0

ˆ

Rd nBd
" .0/

r'.x/ �R.x/ dx

D lim
"!0

✓ˆ
Rd nBd

" .0/

divR.x/ '.x/ dxC
ˆ

@Bd
" .0/

R.x/ � xjxj'.x/ dHd�1.x/

◆
(A.12)

by the divergence theorem. In the right-hand side of (A.12), we have
ˆ

Rd nBd
" .0/

divR.x/ '.x/ dx D �
ˆ

Rd nBd
" .0/

⇢.x/ '.x/ dx !

�
ˆ

Rd

⇢.x/'.x/ dx
(A.13)

as " ! 0, because of (A.6). As for the second term, we apply the definition of R
to deduce ˆ

@Bd
" .0/

R.x/ � xjxj'.x/ dHd�1.x/

D 1

"d�1

ˆ

@Bd
" .0/

✓ˆ
1

"

sd�1⇢.s/ ds
◆
'.x/ dHd�1.x/

DH
d�1.Sd�1/ �

ˆ
1

"

sd�1⇢.s/ ds �
 

@Bd
" .0/

'.x/ dHd�1.x/;

(A.14)

where
�

denotes the integral average. Since ⇢ is radial and ' is continuous, we
deduceˆ

@Bd
" .0/

R.x/ � xjxj'.x/ dHd�1.x/ !
ˆ

Bd
1

.0/

⇢.x/ dx � '.0/ D '.0/ (A.15)

as " ! 0. Combining (A.12), (A.13) and (A.15), we obtain (A.10).
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In the next lemma, we consider the p-mass norm of a vector v 2 ƒm;Rk .Rd /,
defined (as in Equation (2.6)) by

jvjmass;p WD sup
n
h!; vi W ! 2 ƒm

Rk .R
d /; j!jcom;p  1

o
:

We will also consider the quantity

N.v/ (A.16)

WD inf

(
lX

iD1

kzikp jvi j W vD
lX

iD1

zi ˝ vi ; zi 2 R
k; vi is a simple m-vector in R

d

)
:

The following lemma extends [16, Section 1.8.1] to the case k > 1.

Lemma A.2. Let v be an R
k-valued m-vector in R

d , i.e., v 2 ƒm;Rk .Rd /. Then,

jvjmass;p D N.v/:

Proof. Let v be an R
k-valuedm-vector in R

d . We first prove that jvjmass;p  N.v/.
Suppose that v D P

l

iD1
zi ˝ vi , where zi 2 R

k and each vi is a simple m-vector
in R

d . Let ! 2 ƒm

Rk .R
d / be such that j!jcom;p  1. Then, one has

h!; vi D
lX

iD1

h!; zi ˝ vi i 
lX

iD1

kzikpjvi j; (A.17)

where we have made use of the fact that j!jcom;p  1 and each zi ˝ vi has rank 1.
To prove the reverse inequality, we shall make use of the Hahn-Banach theorem.
From the definition (A.16), it is not difficult to check that N is a seminorm on
ƒm;Rk .Rd /. Then, by the Hahn-Banach theorem, there exists ! 2 ƒm

Rk .R
d / such

that
h!; vi D N.v/ (A.18)

and
h!; ⌧i  N.⌧/ (A.19)

for any ⌧ 2 ƒm;Rk .Rd /. We observe that inequality (A.19) holds true, in particular,
for any rank-1 vector ⌧ D ✓ ˝ t , where ✓ 2 R

k and t is a simple m-vector in
R

d . Then, by definition of the comass norm (see Equation (2.5)), Equation (A.19)
implies

j!jcom;p  1: (A.20)

Therefore,
N.v/ D h!; vi  jvjmass;p j!jcom;p  jvjmass;p (A.21)

which concludes the proof.
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Remark A.3. Let ! be a .Rk/⇤-valued 1-covector in R
d . We define

NN.!/

WD inf

(
lX

iD1

kzik⇤
q

j!i j W ! D
lX

iD1

zi ˝ !i ; zi 2 .Rk/⇤; !i is a 1-covector in R
d

)
;

where q is the conjugate exponent of p. (We recall that k�k⇤
q

denotes the dual of
the q-norm on R

k; therefore, k�k⇤
q

is the p-norm on .Rk/⇤.) Then,

NN.!/ D N.?!/ D j?!jmass;p: (A.22)

To see this, we observe that if ! D P
l

iD1
zi ˝!i , then ?! D P

l

iD1
zi ˝?!i (up to

identifying each zi with its image through the isomorphism .Rk/⇤ ! R
k induced

by the canonical basis). Moreover, in codimension 1, each ?!i is a .d � 1/-simple
vector and j?!i j D j!i j. Therefore, NN.!/ � N.?!/. The opposite inequality
follows by similar arguments.

Lemma A.4. In R
k , the norm k � kp is decreasing in p — that is, for any 1  p1 

p2  1 and any z 2 R
k one has

kzkp2
 kzkp1

: (A.23)

Moreover, for any z 2 R
k , one has

lim
p!1 kzkp D kzk1: (A.24)

Proof. It is easy to see that, when p2 D 1, inequality (A.23) holds true. Let us
assume that p2 < 1, and let z 2 R

k . If z D 0, (A.23) is obviously satisfied. If
z ¤ 0, let yj D jzj j

kzkp2

for any j D 1; : : : ; k and set y D .y1; : : : ; yk/. One has
jyj j  1 and, hence,

jyj jp1 � jyj jp2 (A.25)

for any index j . This implies

kykp1
� 1 () kzkp1

� kzkp2
; (A.26)

i.e., the norm k � kp is decreasing in p. Moreover, using Holder’s inequality we
have

kzkp  k
1
p kzk1: (A.27)

Therefore, from (A.26) and (A.27) we deduce that

kzk1  kzkp  k
1
p kzk1: (A.28)

Let p tends to infinity in (A.28), we obtain that

lim
p!1 kzkp D kzk1; (A.29)

which is what we needed to prove.
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Lemma A.5. Let T be a normal Rk-current in R
d . For any 1  p1  p2 < 1,

there holds

Mp2
.T /  Mp1

.T /  k
p2�p1
p1p2 Mp2

.T / (A.30)

and, for any 1  p1  1, there holds

M1.T /  Mp1
.T /  k

1
p1 M1.T /: (A.31)

Proof. For any 1  p1  p2 < 1 and any z 2 R
k , according to Lemma A.4, one

has
kzkp2

 kzkp1
: (A.32)

On the other hand, by Holder’s inequality we have

kzkp1
 k

p2�p1
p1p2 kzkp2

: (A.33)

Let ! 2 C1
c

�
R

d Iƒd�1

Rk .Rd /
�
. From (A.32), using the definition of the comass

norm (see Equation (2.5)) and keeping into account that the Hölder conjugate ex-
ponents satisfy p⇤

1
� p⇤

2
, we deduce

k!kcom;p1
 k!kcom;p2

; (A.34)

This inequality implies, via a duality argument, that

Mp2
.T /  Mp1

.T /: (A.35)

In a similar way, from (A.33) we deduce

k!kcom;p2
 k

p⇤
1

�p⇤
2

p⇤
1

p⇤
2 k!kcom;p1

D k
p2�p1
p1p2 k!kcom;p1

(A.36)

and hence, by duality,

Mp1
.T /  k

p2�p1
p1p2 Mp2

.T /:

When p2 D 1, similar arguments apply.

The next lemma summarizes a few results on the comparison between the
comass norm of a .Rk/⇤-form (respectively, the mass norm of a Rk-valued vector)
and the comass (respectively, mass) norm of its components. Given a (classical)
form � 2 ƒm.Rd / and a (classical) vector ⌧ 2 ƒm.R

d /, we denote by j� jcom the
(classical) comass norm of � and by j⌧ jmass the (classical) mass norm of ⌧ .
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Lemma A.6. Let w 2 ƒm

Rk .R
d / and let wi D hwI �; ei i 2 ƒm.Rd / be the i -th

component of w, for i D 1; : : : ; k. Let p 2 Œ1;1ç and q 2 Œ1;1ç be conjugate
exponents, such that 1=p C 1=q D 1. If p 2 .1;1ç, then there holds

max
1ik

jwi jcom  jwjcom;p 
 

kX
iD1

jwi jqcom

! 1
q

; (A.37)

while for p D 1, there holds

jwjcom;1 D max
1ik

jwi jcom: (A.38)

In a similar way, let v 2 ƒm;Rk .Rd / be a vector with components v1, . . . , vk 2
ƒm.R

d /. If 1  p < 1, then there holds
 

kX
iD1

jvi jp
! 1

p


 

kX
iD1

jvi jpmass

! 1
p

 jvjmass;p 
kX

iD1

jvi jmass; (A.39)

while for p D 1 we have

max
1ik

jvi j  max
1ik

jvi jmass  jvjmass;1 
kX

iD1

jvi jmass; (A.40)

where j�j stands for the Euclidean norm.

Remark A.7. Equations (A.37) and (A.39) imply that

jwjcom;1 D
kX

iD1

jwi jcom; jvjmass;1 D
kX

iD1

jvi jmass

for any w 2 ƒm

Rk .R
d / and any v 2 ƒm;Rk .Rd /.

Proof of Lemma A:6. We recall that k�k⇤
p

is the dual norm to k�kp , i.e., the q-norm
on the dual space .Rk/⇤.

Proof of (A.37) and (A.38). Let p > 1. By the definition of comass norm, one has

jwjcom;p WD sup
˚
khwI ⌧; �ik⇤

p
W j⌧ j  1; ⌧ is a simple m-vector

 

D sup

8̂
<
:̂

 
kX

iD1

jhwi ; ⌧ijq
! 1

q

W j⌧ j  1; ⌧ is a simple m-vector

9>=
>;


 

kX
iD1

sup fjhwi ; ⌧ij W j⌧ j  1; ⌧ is a simple m-vectorgq

! 1
q

D
 

kX
iD1

jwi jqcom

! 1
q

:

(A.41)
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A similar argument shows that

jwjcom;1  max
1ik

jwi jcom: (A.42)

Moreover, for each i 2 f1; : : : ; kg, there exists a simple vector ⌧i 2 ƒm.R
d / such

that j⌧i j D 1 and jwi jcom D hwi I ⌧i i. Then, for any index i , we have

jwjcom;p D sup

8̂
<
:̂

 
kX

iD1

jhwi ; ⌧ijq
! 1

q

W j⌧ j  1; ⌧ is a simple m-vector

9>=
>;

�
 

kX
iD1

jhwi ; ⌧i ijq
! 1

q

� jhwi ; ⌧i ij D jwi jcom:

(A.43)

Combining (A.43) with (A.41) and (A.42), we deduce (A.37) and (A.38).

Proof of (A.39). Let us take a vector v 2 ƒm;Rk .Rd / with components v1, . . . ,
vk 2 ƒm.R

d /. Let p 2 Œ1; 1ç. We have

jvjmass;p WD sup
n
hw; vi W w 2 ƒm

Rk .R
d /; jwjcom;p  1

o

� sup

(
kX

iD1

hwi ; vi i W w 2 ƒm

Rk .R
d /; kwpkq  1

)
;

(A.44)

where wp WD .jw1jcom; : : : ; jwkjcom/ 2 R
k . In (A.44), we have made use of

the inequalities (A.37) and (A.38). By the Hahn-Banach theorem, for each i D
1; : : : ; k there exists wi 2 ƒm.Rd / such that jwi jcom  1 and

hwi ; vi i D jvi jmass: (A.45)

Now, suppose for a moment that p < 1. Let Nwi WD �jvi jp�1
masswi , where

� WD

0
@

kX
j D1

jvj jpmass

1
A

1
p �1

:

Then, it is not difficult to check that the form Nw D . Nw1; : : : ; Nwk/ satisfies k Nwpkq 
1. Moreover, inequality (A.44) implies

h Nw; vi D

0
@

kX
j D1

jvj jpmass

1
A

1
p

 jvjmass;p: (A.46)
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Moreover, by the definition of mass norm, we obtain that for any i D 1; : : : ; k

jvi j  jvi jmass: (A.47)

This implies that  
kX

iD1

jvi jp
! 1

p


 

kX
iD1

jvi jpmass

! 1
p

: (A.48)

In case p D 1 we proceed in a similar way. We fix an index i 2 f1; : : : ; kg, define
Nwi WD wi , Nwj WD 0 for i ¤ j , and Nw WD . Nw1; : : : ; Nwk/. From (A.44) and (A.47),

we deduce

jvi j  jvi jmass D h Nw; vi  jvjmass;p for any i 2 f1; : : : ; kg: (A.49)

In order to complete the proof of (A.39) and (A.40), it only remains to prove the
following inequality:

jvjmass;p 
kX

iD1

jvi jmass (A.50)

for any p 2 Œ1; 1ç. We observe that for any w D .w1; : : : ; wk/ 2 ƒm

Rk .R
d / such

that jwjcom;p  1, there holds

hw; vi D
kX

iD1

hwi ; vi i 
kX

iD1

jvi jmass; (A.51)

because of (A.43). By taking the supremum over w, (A.50) follows.
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