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Prime order birational diffeomorphisms of the sphere

MARIA FERNANDA ROBAYO

Abstract. The aim of this paper is to give the classification of conjugacy classes
of elements of prime order in the group of birational diffeomorphisms of the two-
dimensional real sphere. Parametrisations of conjugacy classes by moduli spaces
are presented.
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1. Introduction

Let PnR denote the projective n-space as a scheme over R. A real projective variety
X ⇢ PnR is a scheme over R which may be thought of as a pair (XC, � ), where XC
is its complexification, i.e. XC := X ⇥Spec R Spec C, and � is an anti-holomorphic
involution on XC. Let X (C) denote the set of complex points of X and X (R) :=

X (C)� (the invariant points under � ) the real part of X . Supposing that X is smooth
and X (R) is nonempty, we can endow X (R)with the Euclidian topology and obtain
a manifold of real dimension m = dimC XC over R.

There are then two kinds of regular morphisms between real algebraic varieties
X , Y studied in the literature (see for example the introductions of [14] and [7]):

(1) A regular morphism X ! Y is a rational map defined at all complex points.
The corresponding category is the one of schemes defined over R, together with
regular morphisms of schemes. The group of automorphisms is denoted by
Aut(X), which is in general quite small: the connected component of the identity
is an algebraic group of finite dimension.

(2) The second notion of regular morphisms consists of taking rational maps X99KY
that are defined only at all real points of X , such maps will be called morphisms
X (R) ! Y (R). This gives another category, with more morphisms where the
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