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Criterion of the L2 boundedness and sharp endpoint estimates
for singular integral operators

on product spaces of homogeneous type

YONGSHENG HAN, JI LI AND CHIN-CHENG LIN

Abstract. The purpose of this paper is to introduce a class of general singular
integral operators on spaces eM = M1 ⇥ · · · ⇥ Mn . Each factor space Mi , 1 

i  n, is a space of homogeneous type in the sense of Coifman and Weiss. These
operators generalize those studied by Journé on the Euclidean space and include
operators studied by Nagel and Stein on Carnot-Carathéodory spaces on which
the basic geometry is given by a control, or Carnot-Carathéodory, metric induced
by a collection of vector fields of finite type. We provide the criterion of the
L2(eM) boundedness for these general operators. Thus this result extends the
product T1 theorem of Journé on Euclidean space and recovers the L p, 1 < p <
1, boundedness of those operators on Carnot-Carathéodory space obtained by
Nagel and Stein. We also prove the sharp endpoint estimates for these general
operators on the Hardy spaces H p(eM) and BMO(eM).
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1. Introduction and statement of main results

Classical Calderón-Zygmund theory centers around singular integrals associated
with the Hardy-Littlewood maximal operator that commutes with the usual dilations
on Rn , � · x = (�x1, . . . , �xn) for � > 0. On the other hand, the product theory on
Rn began with Zygmund’s study of the strong maximal function in [16] given by
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