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Curvature bounds via an isoperimetric comparison
for Ricci flow on surfaces

PAUL BRYAN

Abstract. A comparison theorem for the isoperimetric profile on the universal
cover of surfaces evolving by normalised Ricci flow is proven. For any initial met-
ric, a model comparison is constructed that initially lies below the profile of the
initial metric and which converges to the profile of the constant curvature metric.
The comparison theorem implies that the evolving metric is bounded below by
the model comparison for all time and hence converges to the constant curvature
profile. This yields a curvature bound and a bound on the isoperimetric constant,
leading to a direct proof that the metric converges to the constant curvature metric.
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1. Introduction

The Ricci flow is the nonlinear geometric parabolic evolution equation
8<
:
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g = �2Ric(t)

g(0) = g0
(1.1)

for a smooth family of Riemannian metrics g(t) on a smooth manifold M with
Ricci curvature Ric(t) and an arbitrary smooth initial metric g0. Here we are inter-
ested in the case of closed surfaces, that is, 2-dimensional, compact manifolds M
without boundary. The results here pertain to the normalised flow, preserving the
2-dimensional volume of M . After rescaling the initial metric to have volume 4⇡
and applying the Gauss-Bonnet formula, the normalised flow on surfaces takes the
form
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