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Complex geodesics in convex tube domains

SYLWESTER ZAJĄC

Abstract. We describe all the complex geodesics in convex tube domains. In the
case where the base of a convex tube domain does not contain any real line, the
obtained description involves the notion of boundary measure of a holomorphic
map and it is expressed in the language of real Borel measures on the unit circle.
Applying our result, we calculate all complex geodesics in convex tube domains
with unbounded base covering a special class of Reinhardt domains.
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1. Introduction

Among the most important objects in complex analysis connected with the theory of
holomorphically invariant functions there are two extremal ones: the Carathéodory
pseudodistance and the Lempert function. For a domain D ⇢ Cn , theCarathéodory
pseudodistance cD : D ⇥ D ! [0,1) is defined as

cD(z, w) = sup {⇢( f (z), f (w)) : f 2 O(D, D)}

and the Lempert function `D : D ⇥ D ! [0,1) as

`D(z, w) = inf {⇢(0, � ) : 9 f 2 O(D, D), � 2 (0, 1) : f (0) = z, f (� ) = w},

where D is the unit disc in C and ⇢ is the Poincaré distance on D. These objects
are closely related to the notion of complex geodesics, especially in convex do-
mains. A holomorphic map ' : D ! D is called a complex geodesic for D if it
admits a left inverse, i.e. a holomorphic function f : D ! D such that f � ' is
the identity of the unit disc. Equivalently, ' is a complex geodesic if and only if
it is an isometry between D equipped with the Poincaré distance and D equipped
with the Carathéodory pseudodistance. If points z, w 2 D lie in the image of a
complex geodesic, then cD(z, w) = `D(z, w). One can also consider “geodesics”
with respect to other holomorphically invariant pseudodistances, e.g. holomorphic
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