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Multiple valued functions and integral currents

CAMILLO DE LELLIS AND EMANUELE SPADARO

Abstract. We prove several results on Almgren’s multiple valued functions and
their links to integral currents. In particular, we give a simple proof of the fact that
a Lipschitz multiple valued map naturally defines an integer rectifiable current;
we derive explicit formulae for the boundary, the mass and the first variations
along certain specific vector-fields; and exploit this connection to derive a delicate
reparametrization property for multiple valued functions. These results play a
crucial role in our new proof of the partial regularity of area minimizing currents
[5–7].
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Introduction

It is known since the pioneering work of Federer and Fleming [10] that one can
naturally associate an integer rectifiable current to the graph of a Lipschitz func-
tion in the Euclidean space, integrating forms over the corresponding submanifold,
endowed with its natural orientation. It is then possible to derive formulae for the
boundary of the current, its mass and its first variations along smooth vector-fields.
Moreover, all these formulae have important Taylor expansions when the current is
sufficiently flat. In this paper we provide elementary proofs for the corresponding
facts in the case of Almgren’s multiple valued functions (see [4] for the relevant
definitions).

The connection between multiple valued functions and integral currents is cru-
cial in the analysis of the regularity of area minimizing currents for two reasons.
On the one hand, it provides the necessary tools for the approximation of currents
with graphs of multiple valued function. This is a fundamental idea for the study
of the regularity of minimizing currents in the classical “single-vaued” case, and
it also plays a fundamental role in the proof of Almgren’s partial regularity result
(cf. [1, 5]). In this perspective, explicit expressions for the mass and the first vari-
ations are necessary to derive the right estimates on the main geometric quantities
involved in the regularity theory (cf. [5–7]). On the other hand, the connection can
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