
Ann. Sc. Norm. Super. Pisa Cl. Sci. (5)
Vol. XIV (2015), 1231-1237

A Bernstein-type result for the minimal surface equation

ALBERTO FARINA

Abstract. We prove the following Bernstein-type theorem: if u is an entire
solution to the minimal surface equation, such that N � 1 partial derivatives @u

@x j
are bounded on one side (not necessarily the same), then u is an affine function.
Its proof relies only on the Harnack inequality on minimal surfaces proved in [4]
thus, besides its novelty, our theorem also provides a new and self-contained proof
of celebrated results of Moser and of Bombieri and Giusti.
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1. Introduction and main results

In this short article we are concerned with a Bernstein-type theorem for solutions
to the minimal surface equation
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= 0 in RN , N � 2. (1.1)

The classical Bernstein Theorem [2, 7] asserts that the affine functions are the only
solutions of (1.1) in R2. This result has been generalized to R3 by E. De Giorgi [5],
to R4 by J.F. Almgren [1] and, up to dimension N = 7, by J. Simons [9]. On the
other hand, E. Bombieri, E. De Giorgi and E. Giusti [3] proved the existence of a
non-affine solution of the minimal surface equation (1.1) for any N � 8. Neverthe-
less, J. Moser [8] was able to prove that, if ru is bounded on RN , then u must be
again an affine function, and this for every dimension N � 2. Later, E. Bombieri
and E. Giusti [4] generalized Moser’s result by assuming that only N � 1 partial
derivatives of u are bounded on RN , N � 2. To prove their result, the Authors
of [4] demonstrate a Harnack inequality for uniformly elliptic equations on mini-
mal surfaces (oriented boundary of least area) and then they use it to show that, if
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