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Control theorems for `-adic Lie extensions of global function fields

ANDREA BANDINI AND MARIA VALENTINO

Abstract. LetF be a global function field of characteristic p>0, K/F an `-adic
Lie extension unramified outside a finite set of places S and A/F an abelian
variety. We study SelA(K )_` (the Pontrjagin dual of the Selmer group) and (un-
der some mild hypotheses) prove that it is a finitely generated Z`[[Gal(K/F)]]-
module via generalizations of Mazur’s Control Theorem. If Gal(K/F) has no
elements of order ` and contains a closed normal subgroup H such that
Gal(K/F)/H ' Z`, we are able to give sufficient conditions for SelA(K )_`
to be finitely generated as Z`[[H ]]-module and, consequently, a torsion
Z`[[Gal(K/F)]]-module. We deal with both cases ` 6= p and ` = p.
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1. Introduction

One of the main features of Iwasawa theory is the link it provides between charac-
teristic ideals of (duals of) Selmer groups and p-adic L-functions. In the classical
abelian setting of Zd

` -extensions both its analytic and algebraic sides have been
well developed for general global fields, leading to the statements (and, in some
cases, to the proofs) of Main Conjectures. The foundations for the research in non-
commutative Iwasawa theory for a general `-adic Lie extension can be found in the
celebrated paper by Coates et al. [9] and the subject has been developed from there,
first in the number field setting and (more recently) for function fields of positive
characteristic.

In this work we deal with the function field setting. Namely let F be a global
function field of trascendence degree one over its constant field Fq , where q is a
power of a fixed prime p 2 Z. Let K be a Galois extension of F unramified outside
a finite set of primes S and such that G = Gal(K/F) is an infinite `-adic Lie group
(` 2 Z a prime number). Let 3(G) be the associated Iwasawa algebra (for precise
definitions of all notations and objects appearing in this Introduction see Section 2).
Finally, let A be an abelian variety defined over F and of finite dimension g.
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