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Symmetrization of Poisson’s equation
with Neumann boundary conditions

JEFFREY J. LANGFORD

Abstract. In this paper, we compare the solutions of two PDEs with Neumann
boundary conditions, one with given initial data and one with cap symmetrized
data. We show that the solution with cap symmetrized data is itself cap sym-
metrized and exhibits larger convex means. As corollaries, we prove comparison
results on spheres and hemispheres, and prove a conjecture of B. Kawohl.
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1. Overview of results

The history of comparison theorems in elliptic partial differential equations dates
to the mid 1970s, when G. Talenti proved his now famous result known as Talenti’s
theorem [24]. Talenti compared the solutions of two PDEs that impose homoge-
neous Dirichlet boundary conditions. To be precise, let 0  f 2 L2(�) where
� ⇢ Rn is a bounded domain, and consider the solution u to the Poisson PDE

�1u = f in �,

u = 0 on @�,

where 1 is the standard Laplacian operator. Talenti then considered a second PDE
defined on a ball �# with the same volume as �. In this second PDE, the input
data is obtained by “rearranging” f ’s values into a radial function f #, called the
Schwarz rearrangement or symmetric decreasing rearrangement, that decreases as
the radial variable r increases. After solving the PDE

�1v = f # in �#,

v = 0 on @�#,

Talenti found that the two solutions u and v are comparable through their decreas-
ing rearrangements, a finding with consequences about L p norms: kukL p(�) 
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