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Heights of points with bounded ramification

LUKAS POTTMEYER

Abstract. Let E be an elliptic curve defined over a number field K with fixed
non-archimedean absolute value v of split-multiplicative reduction, and let f be
an associated Lattès map. Baker proved in [3] that the Néron-Tate height on E
is either zero or bounded from below by a positive constant, for all points of
bounded ramification over v. In this paper we make this bound effective and
prove an analogue result for the canonical height associated to f . We also study
variations of this result by changing the reduction type of E at v. This will lead
to examples of fields F such that the Néron-Tate height on non-torsion points in
E(F) is bounded from below by a positive constant and the height associated to
f gets arbitrarily small on F .
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1. Introduction

By Kronecker’s Theorem the standard logarithmic height h of an algebraic number
vanishes precisely at zero and roots of unity. The height h is a non-negative function
and so one can ask whether the height of non roots of unity can get arbitrarily
small in the set of algebraic numbers. The classical example to see that this is the
case is the sequence {21/n}n2N, because we have h(21/n) =

1
n log 2. Northcott’s

famous theorem from 1950 (see [13]) implies that an upper bound on the degree of
an algebraic non root of unity yields a lower bound for its height. An interesting
question is which other properties of an algebraic number yield a lower bound of its
height. Of course, one can ask the same question for all kinds of height functions.
If E is an elliptic curve defined over the algebraic numbers, then we denote bybhE
the Néron-Tate height on E . Moreover, for a rational function f 2 Q(x) of degree
at least 2, we denote bybh f the canonical height associated to f . A point is called
preperiodic if its forward orbit is finite. The set of all preperiodic points of f will
be denoted by PrePer( f ). We will adopt a notation from Bombieri and Zannier
(see [6]) to these heights.
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