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On the class of caustics by reflection of planar curves

ALFREDERIC JOSSE AND FRANÇOISE PÈNE

Abstract. Given any light position S 2 P2 and any algebraic curve C of P2
(with any kind of singularities), we consider the incident lines coming from S
(i.e. the lines containing S) and their reflected lines after reflection on the mirror
curve C. The caustic by reflection 6S(C) is the Zariski closure of the envelope of
these reflected lines. We introduce the notion of reflected polar curve and express
the class of 6S(C) in terms of intersection numbers of C with the reflected polar
curve, thanks to a fundamental lemma established in [16]. This approach enables
us to state an explicit formula for the class of 6S(C) in every case in terms of
intersection numbers of the initial curve C.
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Introduction

Let V be a three dimensional complex vector space endowed with some fixed basis.
We consider a light point S[x0 : y0 : z0] 2 P2 := P(V) and a mirror given by an
irreducible algebraic curve C = V (F) of P2, with F 2 Symd(V_) (F corresponds
to a polynomial of degree d in C[x, y, z]). We denote by d_ the class of C. We
consider the caustic by reflection 6S(C) of the mirror curve C with source point
S. Recall that 6S(C) is the Zariski closure of the envelope of the reflected lines
associated to the incident lines coming from S after reflection off C. When S is not
at infinity, Quetelet and Dandelin [9,18] proved that the caustic by reflection6S(C)
is the evolute of the S-centered homothety (with ratio 2) of the pedal of C from S
(i.e. the evolute of the orthotomic of C with respect to S). This decomposition has
also been used in a modern approach by [2–4] to study the source genericity (in the
real case). In [16] we proved formulas for the degree of the caustic by reflection
of planar algebraic curves. For a presentation of the classical notions of envelope,
evolute, pedal, contrapedal, orthotomic, we refer to [4, 8, 10, 20, 23].

In [7], Chasles proved that the class of 6S(C) is equal to 2d_
+ d for a generic

(C, S). In [1], Brocard and Lemoyne gave (without any proof) a more general
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