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Rigidity and regularity
of codimension-one Sobolev isometric immersions

ZHUOMIN LIU AND MOHAMMAD REZA PAKZAD

Abstract. We prove the developability and C1,1/2loc regularity of W2,2 isomet-
ric immersions of n-dimensional domains into Rn+1. As a conclusion we show
that any such Sobolev isometry can be approximated by smooth isometries in the
W2,2 strong norm, provided the domain is C1 and convex. Both results fail to be
true if the Sobolev regularity is weaker than W2,2.
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1. Introduction

It has been known since at least the 19th century that any smooth surface with zero
Gaussian curvature is locally ruled, i.e. passing through any point of the surface
is a straight segment lying on the surface. Such surfaces were called developable
there. This terminology was used as an indication that any such surface is in iso-
metric equivalence with the plane, i.e. any piece of it can be developed on the flat
plane without any stretching or compressing. Meanwhile, it was already suspected
that there exist somewhat regular surfaces applicable to the plane, but yet not devel-
opable (see [4] for a review of this question). Nevertheless, it was not until the work
of John Nash at the zenith of the last century that the existence of such unintuitive
phenomena was rigorously established.

In his pioneering work, Nash settled several questions. He established that any
Riemannian manifold can be isometrically embedded in a Euclidean space [19].
Moreover, if the dimension of the space is large enough, this embedding can be
done in a manner that the diameter of the image is as small as one wishes. As
for the lower dimensional embeddings, Nash [20] and Kuiper [17], established the
existence of a C1 isometric embedding of any Riemannian manifold into another
manifold of dimension one higher. Their method, which is now famously re-cast in
the framework of convex integration [8], involved iterated perturbations of a given
short mapping of the manifold towards realizing an isometry.
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