
Ann. Sc. Norm. Super. Pisa Cl. Sci. (5)
Vol. XIV (2015), 645-675

Deformations of constant mean curvature surfaces preserving
symmetries and the Hopf differential

DAVID BRANDER AND JOSEF F. DORFMEISTER

Abstract. We define certain deformations between minimal and non-minimal
constant mean curvature (CMC) surfaces in Euclidean space E3 which preserve
the Hopf differential. We prove that, given a CMC H surface f , either minimal
or not, and a fixed basepoint z0 on this surface, there is a naturally defined fam-
ily fh , for all h 2 R, of CMC h surfaces that are tangent to f at z0, and which
have the same Hopf differential. Given the classical Weierstrass data for a mini-
mal surface, we give an explicit formula for the generalized Weierstrass data for
the non-minimal surfaces fh , and vice versa. As an application, we use this to
give a well-defined dressing action on the class of minimal surfaces. In addition,
we show that symmetries of certain types associated with the basepoint are pre-
served under the deformation, and this gives a canonical choice of basepoint for
surfaces with symmetries. We use this to define new examples of non-minimal
CMC surfaces naturally associated to known minimal surfaces with symmetries.
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1. Introduction

Let6 ⇢ C be a simply connected domain. The classical Weierstrass representation
for minimal surfaces states that given a pair (d!, ⌫), where d! = µ(z)dz is a
holomorphic 1-form and ⌫ a meromorphic function on6, and appropriate orders of
vanishing, then the formula
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gives a minimal surface f : 6 ! R3. Conversely, all minimal immersions of 6
can be obtained this way. This representation is one of the major tools in the study
of minimal surface theory.

For non-minimal constant mean curvature (CMC) surfaces, an infinite dimen-
sional analogue to the Weierstrass representation was given in the 1990’s by
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