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Bilipschitz embedding of Grushin plane in R3

JANG-MEI WU

Abstract. The Grushin plane is bilipschitz homeomorphic to a quasiplane in R3.
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1. Grushin plane

The Grushin plane G is the space R2 endowed with the vector fields

X1 = @x1 and X2 = x1 @x2 .

Outside the singular line x1 = 0, the Grushin metric is the Riemannian metric

ds2 = dx12 + x1�2 dx22,

which makes X1, X2 an orthonormal basis for the tangent space at each point not
on the singular line. The vector field [X1, X2] = @x2 is added to the singular line;
and the Grushin metric extended across x1 = 0 is the Carnot-Carathéodory metric
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where the infimum is taken over all paths � : [0, 1] ! G connecting � (0) = p to
� (1) = q, that are absolutely continuous with respect to the Euclidean metric. On
the singular line, dG((0, x2), (0, y2)) '

p

|x2 � y2|.
The Grushin plane is in some sense one of the simplest singular sub-Riemannian

manifolds. For geodesics in G and properties of G, see Bellac̈he [2].
The Grushin balls BG(x, r) can be described in terms of Euclidean rectangles
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