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Isothermalisation for a non-local heat equation

EMMANUEL CHASSEIGNE AND RAÚL FERREIRA

Abstract. In this paper we study the asymptotic behavior for a nonlocal heat
equation in an inhomogenous medium:

⇢(x)ut = J ⇤ u � u in RN
⇥ (0,1) ,

where ⇢ is a continuous positive function, u is non-negative and J is a probability
measure having finite second-order momentum. Depending on integrability con-
ditions on the initial data u0 and ⇢, we prove various isothermalisation results,
i.e., u(t) converges to a constant state in the whole space.
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1. Introduction

The aim of this paper is to study the asymptotic behavior for a nonlocal heat equa-
tion in an inhomogenous medium:

⇢
⇢(x)ut = J ⇤ u � u, (x, t) 2 RN

⇥ (0,1),

u(x, 0) = u0(x), x 2 RN .
(1.1)

Here, u0 is a non-negative continuous function inRN and ⇤ denotes the convolution
with a kernel J : RN

! R, which is a radial, continuous probability density having
finite second-order momentum:Z

RN
J (s) ds = 1 , E(J ) =

Z
RN

s J (s) ds = 0 , V(J ) =

Z
RN

s2 J (s) ds < +1.

Typical examples of kernel that we consider are the gaussian law, the exponential
law or any compactly supported kernels. We also assume that ⇢ is a positive, con-
tinuous function in RN , whether integrable or not.
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