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Some old and new results about rigidity of critical metrics

GILLES CARRON

Abstract. We present a new proof of a recent ✏-regularity of G. Tian and
J.Viaclovsky. Our idea also provides a new proof of a classical result of M. An-
derson about volume rigidity of Einstein manifolds. Eventually, we also obtain
new rigidity results for critical metrics.
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1. Introduction

In this paper, we obtain some new ✏-regularity and rigidity results for critical met-
rics and our arguments will also give new proofs of classical ✏-regularity results.

The class of critical metrics has been introduced and studied by G. Tian and J.
Viaclovsky ([35]): A Riemannian metric g is said to be critical if its Ricci curvature
tensor satisfies a Bochner type formula:
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where r is the Levi-Civita connection and r
⇤ is its differential adjoint and R is a

linear action of the Riemann curvature tensor on the space of symmetric 2 tensors,
in particular there is a constant 7 (that only depends on this action) such that:
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x M, |R(h)|  7 |Rm | |h|. (1.1)

Examples of critical metrics are Einstein metrics, Kähler metrics with constant
scalar curvature, locally conformally flat metrics with constant scalar curvature and
in dimension 4, Bach flat metrics with constant scalar curvature. Our main new
result is the following ✏-rigidity result:
Theorem A. There is a constant ✏ > 0 that only depends on the dimension n and
on the constant7 appearing in the estimate (1.1) such that, if (Mn, g) is a complete
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