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The Barth quintic surface has Picard number 41
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Dedicated to Wolf Barth

Abstract. This paper investigates a specific smooth quintic surface suggested by
Barth for it contains the current record of 75 lines over the complex numbers. Our
main incentive is to prove that the complex quintic has Picard number 41, and to
compute the Néron-Severi group up to a 2-power index. We also compute Picard
numbers for reductions to positive characteristic and verify the Tate conjecture.
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1. Introduction

Quintic surfaces in P3 have been studied extensively by Barth and others, for in-
stance with a view towards configurations of singularities or lines contained in them.
This paper investigates a specific smooth quintic surface suggested by Barth for it
contains the current record of 75 lines over C (see also [17]). In what follows the
surface will be denoted by Sa . Our main incentive is to prove that overC the quintic
Sa has Picard number 41 (Theorem 2.2). To the best of our knowledge this is the
record Picard number for smooth quintics. In fact the surfaces with Picard num-
ber 43 or 45 exhibited in [11] involved several rational double point singularities.
The previous record of 37 was attained by the Fermat quintic surface which also
contains 75 lines (Remark 2.3).

This note is organised as follows. Section 2 reviews the surface Sa inside a
pencil of quintics with an action of the symmetric group S5. Sections 3 and 4
derive lower and upper bounds for the Picard number by exhibiting certain quotient
surfaces (Godeaux and K3). As a by-product we prove the Tate conjecture for any
irreducible member of the pencil of quintics (cf. Proposition 4.7). Throughout we
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