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Factoring threefold divisorial contractions to points

JUNGKAI ALFRED CHEN

Abstract. We show that any terminal 3-fold divisorial contraction to a point of
index> 1 with non-minimal discrepancy may be factored into a sequence of flips,
flops and divisorial contractions to points with minimal discrepancies.
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1. Introduction

In minimal model program, the elementary birational maps consist of flips, flops
and divisorial contractions. Birational maps in dimension three are reasonably well
understood. The milestone work of Mori (cf. [14]) can be regarded as the starting
point of explicit geometry. The detailed geometry of flips and flops in dimension
three can be found in the seminal papers of Kollár and Mori (cf. [11, 12, 15]). Di-
visorial contractions to curves were studies by Cutkosky and intensively by Tziolas
(cf. [2, 16–18]). Divisorial contractions to points are most well-understood. By re-
sults of Hayakawa, Kawakita, and Kawamata (cf. [3, 4, 6–8, 10]), it is now known
that divisorial contractions to higher index points in dimension three are weighted
blowups (under suitable embedding) and completely classified. It is expected that
all divisorial contractions to points can be realized as weighted blowups.

Let f : Y ! X be a divisorial contraction to a point P 2 X of index n > 1 in
dimension three. We say that f has minimal discrepancy if the discrepancy of f is
the minimal possible 1/n (which is the “w-morphism” in [1]). Divisorial contrac-
tions to higher index points with minimal discrepancies play a very interesting role
at least for the following two reasons.

(1) For any terminal singularities P 2 X of index n > 1, there exists a partial
resolution Xk ! . . . ! X0 := X such that Xk has only terminal Gorenstein
singularities, i.e. terminal singularity of index 1, and each map Xi+i ! Xi
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