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Formally reversible maps of C2

ANTHONY G. O’FARRELL AND DMITRI ZAITSEV

Abstract. An element g of a group is called reversible if it is conjugate in the
group to its inverse. This paper is about reversibles in the group G = G2 of
formally invertible pairs of formal power series in two variables, with complex
coefficients. The main result is a description of the generic reversible elements of
G2. We list two explicit sequences of reversibles which between them represent
all the conjugacy classes of such reversibles. We show that each such element
is reversible by some element of finite order, and hence is the product of two
elements of finite even order. The elements that may be reversed by an involution
are called strongly reversible. We also characterise them.

We draw some conclusions about generic reversibles in the group G = G2 of
biholomorphic germs in two variables, and about the factorization of formal maps
as products of reversibles. Specifically, we show that each product of reversibles
reduces to the product of five.
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1. Introduction

An element g of a group is called reversible if it is conjugate to its inverse, i.e. if
the conjugate gh := h�1gh equals g�1 for some h in the group. We say that h
reverses g or h is a reverser of g, in this case. Furthermore, if the reverser h can be
chosen to be an involution, g is called strongly reversible. (Note that some literature
uses the terminology “weakly reversible” and “reversible” instead of, respectively,
“reversible” and “strongly reversible” used here.)

Reversible maps have their origin in problems of classical dynamics, such as
the harmonic oscilator, the n-body problem or billiards, and Birkhoff [4] was one
of the first to realize their significance. He observed that a Hamiltonian system with
Hamiltonian quadratic in the momentum p (such as the n-body problem) or, more
generally, any system in of the form(

@q/@t = Lp,
@p/@t = V (p, q),

(q, p) 2 Rn
⇥ Rn, t 2 R, (1.1)
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