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Deformation openness and closedness of various classes
of compact complex manifolds; examples

DAN POPOVICI

Abstract. We review the relations between compact complex manifolds carry-
ing various types of Hermitian metrics (Kähler, balanced, or strongly Gauduchon)
and those satisfying topological properties such as the @@̄-lemma, or the degener-
ation at E1 of the Frölicher spectral sequence. We also review the behaviour of
these properties under holomorphic deformations. The emphasis will be placed
on the notion of strongly Gauduchon (sG) manifold that we introduced recently in
the study of deformation limits of projective and Moishezon manifolds. Besides
its expository aspect, the paper presents new results such as exhibiting various
examples of sG and non-sG manifolds. These are then used to review and rein-
terpret from this new standpoint a range of constructions already known in the
literature.
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1. Introduction

The main theme of this text is the interaction between metric and topological prop-
erties satisfied by compact complex manifolds.

1.1. Metric properties: smooth metrics

A Hermitian metric on a given compact complex manifold X (dimCX := n) will
be identified with the associated positive-definite C1 (1, 1)-form ! > 0 on X . The
metric ! is said to be:
• Kähler if d! = 0;
• Balanced1(or semi-Kähler2or co-Kähler) if d!n�1 = 0;
• Strongly Gauduchon3(or sG) if @!n�1 is @̄-exact;
• Gauduchon if @!n�1 is @̄-closed or, equivalently, if @@̄!n�1 = 0.

1 Terminology of [35].
2 Terminology of [19], unrelated to the balanced condition used by Donaldson, Luo and others in
the context of cscK metrics.
3 Notion introduced in [41].
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