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On the vanishing-viscosity limit in parabolic systems
with rate-independent dissipation terms

ALEXANDER MIELKE AND SERGEY ZELIK

Abstract. We consider semilinear and quasilinear parabolic systems with a non-
smooth rate-independent and a viscous dissipation term in the limit of very slow
loading rates, or equivalently with fixed loading and vanishing viscosity " > 0.
Because for nonconvex energies the solutions will develop jumps, we consider
the vanishing-viscosity limit for the graphs of the solutions in the extended state
space in arclength parametrization. Here the choice of the viscosity norm for
parametrization is crucial to keep the subdifferential structure of the problem. A
crucial point in the analysis are new a priori estimates that are rate independent
and that allow us to show that the total length of the graph remains bounded in
the vanishing-viscosity limit. To derive these estimates we combine parabolic
regularity estimates with ideas from rate-independent systems.
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1. Introduction

In this paper we are interested in special solution classes for rate-independent sys-
tems that arise as vanishing-viscosity limits. In abstract form, we consider doubly
nonlinear problems of the following type:

"u̇ + @e9(u̇) + Bu +80

u(t, u) 3 0, u(0) = u0, (1.1)

where " is a small positive parameter. Here u is considered to lie in a Hilbert
space H and B is a positive definite self-adjoint operator generating the scale H↵ =

D(B↵/2) of Hilbert spaces. The dissipation potential e9 : H ! [0,1) is assumed
to be positively homogeneous of degree 1, such that (1.1) is rate-independent for
" = 0 and " > 0 plays the role of a small regularizing viscosity.

For " > 0 the existence of solutions u" 2 H1([0, T ], H) is rather standard
using suitable assumptions on the nonlinear potential 8, see e.g. [6, 25]. Under

A.M. was partially supported by DFG under Mi 459/5-2 (Research Unit 797 MicroPlast).
Received April 12, 2010; accepted in revised form February 20, 2012.


