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Stationary disks and Green functions
in almost complex domains

GIORGIO PATRIZIO AND ANDREA SPIRO

Abstract. Using generalized Riemann maps, normal forms for almost complex
domains (D, J ) with singular foliations by stationary disks are defined. Such
normal forms are used to construct counterexamples and to determine intrinsic
conditions under which the stationary disks are extremal disks for the Kobayashi
metric or determine solutions to almost complex Monge-Ampère equation.
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1. Introduction

Let D ⇢ M be a domain of an almost complex manifold (M, J ) with smooth
boundary @D and eJ the canonical almost complex structure of T ⇤M determined
by J . We recall that a smooth, proper J -holomorphic embedding f : 1 ! D
of the unit disk into D is called stationary disk if there exists a map ef : 1 !

T ⇤M \ {zero section}, which iseJ-holomorphic, projects onto f and is such that, for
any ⇣ 2 @1, the 1-form ⇣�1

·
ef (⇣ ) 2 T ⇤

f (⇣ )M vanishes identically on T f (⇣ )@D (see
Section 2).

The stationary disks of almost complex domains have been introduced by
Coupet, Gaussier and Sukhov in [4, 5] (see also [6]). They are useful biholomor-
phic invariants of almost complex domains and constitute a natural generalization
of the stationary disks of strictly linearly convex domains of Cn , considered for
the first time in celebrated Lempert’s papers on extremal disks and Kobayashi met-
rics [11,12].

Existence and uniqueness results on stationary disks, with prescribed center
and direction, have been established in various contexts, both in the integrable and
non-integrable case (see e.g. [4,6,11,14,19,20,22]). Moreover, when J is integrable
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