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Perfect powers with few binary digits
and related Diophantine problems

MICHAEL A. BENNETT, YANN BUGEAUD AND MAURICE MIGNOTTE

Abstract. We prove that, for any fixed base x � 2 and sufficiently large prime
q, no perfect q-th power can be written with 3 or 4 digits 1 in base x . This is
a particular instance of rather more general results, whose proofs follow from a
combination of refined lower bounds for linear forms in Archimedean and non-
Archimedean logarithms.
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1. Introduction

A celebrated theorem of Mihăilescu [18] asserts that 8 and 9 are the only consecu-
tive perfect powers of positive integers. One way of interpreting this result is that
9 is the only perfect power which can be written in the form 10 . . . 01 (with at least
one digit 0) in some integer base. A (closely) related Diophantine problem is the
search for perfect powers N having only digits 1 in some integer base other than N
or N � 1 (observe than N is written 11 in base N � 1). We know precisely three
numbers with this property, namely

34 + 33 + 32 + 3+ 1 = 112, 73 + 72 + 7+ 1 = 202 and 182 + 18+ 1 = 73,

and it is widely believed that the corresponding Diophantine equation

xn � 1
x � 1

= yq , in integers x > 1, y > 1, n > 2, q � 2, (1.1)

commonly termed the Nagell–Ljunggren equation, has no solutions beyond the
three listed above. Remarkably, with the current technology, it is not even known
whether this equation has finitely many solutions in the four variables. For a given
fixed value of x , however, it is always possible to solve (1.1), at least in principle;
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