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Structure of level sets and Sard-type properties of Lipschitz maps
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Abstract. We consider certain properties of maps of class C2 from Rd to Rd�1

that are strictly related to Sard’s theorem, and we show that some of them can be
extended to Lipschitz maps, while others require some additional regularity. We
also give examples showing that, in terms of regularity, our results are optimal.
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1. Introduction

In this paper we study three problems which are strictly interconnected and ulti-
mately related to Sard’s theorem: structure of the level sets of maps from Rd to
Rd�1, weak Sard property of functions from R2 to R, and locality of the diver-
gence operator. Some of the questions we consider originated from a PDE problem
studied in the companion paper [1]; they are however interesting in their own right,
and this paper is in fact largely independent of [1].

Structure of level sets. In case of maps f : Rd
! Rd�1 of class C2, Sard’s

theorem (see [17] and [12, Chapter 3, Theorem 1.3])1 states that the set of critical
values of f , namely the image according to f of the critical set

S :=

�
x : rank(r f (x)) < d � 1

 
, (1.1)

has (Lebesgue) measure zero. By the Implicit Function Theorem, this property
implies the following structure result: for a.e. y 2 Rd�1 the connected components
of the level set Ey := f �1(y) are simple curves (of class C2).
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1 For more general formulations see also [9, Theorem 3.4.3] and [2, 3, 6].


