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Saddle-shaped solutions of bistable elliptic equations
involving the half-Laplacian

ELEONORA CINTI

Abstract. We establish existence and qualitative properties of saddle-shaped
solutions of the elliptic fractional equation (�1)1/2u = f (u) in the whole space
R2m , where f is of bistable type. These solutions are odd with respect to the
Simons cone and even with respect to each coordinate.

More precisely, we prove the existence of a saddle-shaped solution in every
even dimension 2m, as well as its monotonicity properties, asymptotic behaviour,
and instability in dimensions 2m = 4 and 2m = 6.

These results are relevant in connection with the analog for fractional equa-
tions of a conjecture of De Giorgi on the 1-D symmetry of certain solutions.
Saddle-shaped solutions are the simplest candidates, besides 1-D solutions, to be
global minimizers in high dimensions, a property not yet established.
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1. Introduction and results

This paper concerns the study of saddle-shaped solutions of elliptic equations with
fractional diffusion of the form

(�1)1/2u = f (u) in Rn, (1.1)

where n = 2m is an even integer and f is of bistable type.
The fractional powers of the Laplacian are the infinitesimal generators of Lévy

stable processes and appear in anomalous diffusion phenomena in plasmas, flame
propagation, chemical reactions in liquids and population dynamics.

The author was supported by grants MTM2008-06349-C03-01, MTM2011-27739-C04-01
(Spain), 2009SGR345 (Catalunya) and partially supported by University of Bologna (Italy), funds
for selected research topics.

Received July 12, 2011; accepted in revised form November 7, 2011.


