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Hecke modifications, wonderful compactifications
and moduli of principal bundles

MICHAEL LENNOX WONG

Abstract. In this paper we obtain parametrizations of the moduli space of princi-
pal bundles over a compact Riemann surface using spaces of Hecke modifications
in several cases. We begin with a discussion of Hecke modifications for princi-
pal bundles and give constructions of “universal” Hecke modifications of a fixed
bundle of fixed type. This is followed by an overview of the construction of the
“wonderful,” or De Concini–Procesi, compactification of a semi-simple algebraic
group of adjoint type. The compactification plays an important role in the de-
formation theory used in constructing the parametrizations. A general outline to
construct parametrizations is given and verifications for specific structure groups
are carried out.

Mathematics Subject Classification (2010): 14D20 (primary); 32G08 (sec-
ondary).

Introduction

The main goal of this paper is to parametrize the moduli space of principal bun-
dles over a compact Riemann surface using appropriate (symmetric) products of
spaces of Hecke modifications of a fixed bundle. A Hecke modification of a fixed
bundle is obtained by “twisting” the transition function of that bundle near a point.
While neither the idea nor the application to moduli questions is new, the theory in
the principal bundle setting does not seem to be well-developed and another goal
here is to begin to fill in this lacuna. The notion of a Hecke modification has its
roots in Weil’s concept of a “matrix divisor” [20], and is the basis of A.N. Tjurin’s
parametrization of the moduli space of rank n, degree ng vector bundles over a Rie-
mann surface of genus g [19]. The notion has even further reach, as it is related to
that of a Hecke operator acting on spaces of cusp forms (see [7]); thus, they play an
important role in the geometrization of the Langlands program.

Tjurin’s construction was later generalized to bundles of arbitrary degree by
J. Hurtubise [9]. The latter work makes use of the fact that GLnC is open and
dense in the space of n × n matrices, so for a more general structure group, one
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