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On surfaces of general type with q = 5

MARGARIDA MENDES LOPES, RITA PARDINI AND GIAN PIETRO PIROLA

Abstract. We prove that a complex surface S with irregularity q(S) = 5 that has
no irrational pencil of genus > 1 has geometric genus pg(S) ≥ 8. As a conse-
quence, we are able to classify minimal surfaces S of general type with q(S) = 5
and pg(S) < 8. This result is a negative answer, for q = 5, to the question asked
in [13] of the existence of surfaces of general type with irregularity q that have
no irrational pencil of genus > 1 and with the lowest possible geometric genus
pg = 2q − 3 (examples are known to exist only for q = 3, 4).
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1. Introduction

Let S be a smooth complex projective surface with irregularity q(S) := h0(!1
S)≥3.

The existence of a fibration f : S → B with B a smooth curve of genus b > 1 (“an

irrational pencil of genus b > 1”) gives much geometrical information on S (cf. the

survey [14]). However, surfaces with an irrational pencil of genus b > 1 can hardly

be regarded as “general” among the irregular surfaces of general type: for instance,

for b < q(S) the Albanese variety of such a surface S is not simple.
By the classical Castelnuovo-De Franchis theorem (cf. [6, Proposition X.9]),

if S has no irrational pencil of genus > 1 then the inequality pg(S) ≥ 2q(S) − 3

holds, where pg(S) := h0(KS) is, as usual, the geometric genus. This fundamen-
tal inequality has been recently generalized in [17] to Kähler varieties of arbitrary

dimension.

The surfaces of general type S for which the equality pg(S) = 2q(S)−3 holds
are studied in [13]. There those with an irrational pencil of genus > 1 are classified

and the inequality K 2S ≥ 7χ(S)−1 is proven for S minimal. However, the question
of the existence of surfaces with pg(S) = 2q(S) − 3 having no irrational pencil of
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