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On the connectivity of the realization spaces of line arrangements

SHAHEEN NAZIR AND MASAHIKO YOSHINAGA

Abstract. We prove that, under certain combinatorial conditions, the realization
spaces of line arrangements on the complex projective plane are connected. We
also give several examples of arrangements with eight, nine and ten lines that
have disconnected realization spaces.
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1. Introduction

Let A = {H1, . . . , Hn} be a line arrangement in the complex projective plane P2
and denote by M = M(A), the corresponding arrangement complement. An ar-
rangement A determines the incidence data I (A), or, equivalently, the intersection
lattice L(A). This combinatorial data possesses the topological information, e.g.
the cohomology algebra of M is determined by the intersection lattice L(A) of A.
However, not all the geometric information is determined by the incidence I (A). In
1993, Rybnikov [11] gave an example of arrangements A1, A2 that have the same
incidence but fundamental groups non-isomorphic (see also [2]). Nevertheless, in

many cases the topological structures are determined by the combinatorial ones.

This includes:

1. Combining results of Fan [5, 6], Garber, Teicher and Vishne [7] and an unpub-

lished work by Falk and Sturmfels (see [3]), if n ≤ 8, then the fundamental

group π1(M(A)) is determined by the combinatorics.
2. In 2009, Nazir-Raza [9] introduced a complexity hierarchy of lattice namely a

class Ck , and proved that if A is in C≤2, then the cohomology H∗(M,L) with
coefficients in a rank-1 local system L is combinatorially determined.

In this paper we generalize these results by using the connectivity of the realization

space R(I ) of an incidence relation I . Indeed, the connectivity of the realization
spaces is related to the topology of the complements by Randell’s lattice isotopy

theorem:
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