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Closed surfaces with bounds on their Willmore energy

ERNST KUWERT AND REINER SCHÄTZLE

Abstract. The Willmore energy of a closed surface in Rn is the integral of its
squared mean curvature, and is invariant under Möbius transformations of Rn .
We show that any torus in R3 with energy at most 8π − δ has a representative
under the Möbius action for which the induced metric and a conformal metric
of constant (zero) curvature are uniformly equivalent, with constants depending
only on δ > 0. An analogous estimate is also obtained for closed, orientable

surfaces of fixed genus p ≥ 1 in R3 or R4, assuming suitable energy bounds
which are sharp for n = 3. Moreover, the conformal type is controlled in terms
of the energy bounds.
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1. Introduction

For an immersed surface f : # → Rn the Willmore functional is defined as the

integral

W( f ) = 1

4

∫

#
| $H |2 dµg,

where $H is the mean curvature vector, g = f ∗geuc is the pull-back metric and µg

is the induced area measure on #. The Gauß equation says that

K = 1

2
(| $H |2 − |A|2) = 1

4
| $H |2 − 1

2
|A◦|2, (1.1)

where Ai j = A◦
i j + 1

2
$Hgi j is the vector-valued second fundamental form and K is

the sectional curvature of g. In the case when # is a closed, orientable surface of

genus p, the Gauß-Bonnet theorem therefore implies the identities

W( f ) = 1

4

∫

#
|A|2 dµg + 2π(1− p) = 1

2

∫

#
|A◦|2 dµg + 4π(1− p). (1.2)
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