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Quantitative isoperimetric inequalities

and homeomorphisms with finite distortion

KAI RAJALA

Abstract. We prove quantitative isoperimetric inequalities for images of the unit
ball under homeomorphisms of exponentially integrable distortion. We show that
the metric distortions of such domains can be controlled by their Fraenkel asym-
metries. An application of the quantitative isoperimetric inequality proved by
Hall and Fusco, Maggi, and Pratelli then shows that for these domains a version
of Bonnesen’s inequality holds in all dimensions.
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1. Introduction

The classical Bonnesen inequality states that for a planar Jordan domain ! the

inequality

"(∂!)2 − 4π |!| ≥ 4π(R − ρ)2 (1.1)

holds, where R and ρ are the circumradius and the inradius of !, respectively, see
Osserman [13]. There are several related inequalities which show that if a planar

Jordan domain is almost a disk in the sense of the isoperimetric inequality, then it is

also geometrically close to a disk, with quantitative bounds. Such inequalities are

called Bonnesen-style inequalities in [13].

By considering cusp domains, one can see that inequalities like (1.1) do not

hold in dimensions higher than two. However, Hall [5] (see also [6]) showed that

another natural quantitative isoperimetric inequality holds in all dimensions. Let

! ⊂ Rn be a bounded domain. The Fraenkel asymmetry λ(!) is

λ(!) = min
x∈Rn

|! \ B(x, r)|
rn
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