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Global hypoellipticity and compactness of resolvent

for Fokker-Planck operator

WEI-XI LI

Abstract. In this paper we study the Fokker-Planck operator with potential V (x),
and analyze some kind of conditions imposed on the potential to ensure the va-
lidity of global hypoelliptic estimates (see Theorem 1.1). As a consequence, we
obtain the compactness of resolvent of the Fokker-Planck operator if either the
Witten Laplacian on 0-forms has a compact resolvent or some additional assump-
tion on the behavior of the potential at infinity is fulfilled. This work improves
the previous results of Hérau-Nier [5] and Helffer-Nier [3], by obtaining a better
global hypoelliptic estimate under weaker assumptions on the potential.
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1. Introduction and main results

In this work we consider the Fokker-Planck operator

P = y · ∂x − ∂xV (x) · ∂y − "y + |y|2
4

− n

2
, (x, y) ∈ R2n (1.1)

where x denotes the space variable and y denotes the velocity variable, and V (x)
is a potential defined in the whole space Rn

x . There have been extensive works

concerned with the operator P , with various techniques from different fields such

as partial differential equation, spectral theory and statistical physics. In this paper

we will focus on analyzing some kind of conditions imposed on the potential V (x),
so that the Fokker-Planck operator P admits a global hypoelliptic estimate and has a

compact resolvent. This problem is linked closely with the trend to equilibrium for

the Fokker-Planck operator, and has been studied by Desvillettes-Villani, Helffer-

Nier, Hérau-Nier and some other authors (see [2, 3, 5] and the references therein).

It is believed that the global estimate and the compactness of resolvent are related

to the properties of the potential V (x). In the particular case of quadratic potential,
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