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Abstract framework for John-Nirenberg inequalities

and applications to Hardy spaces

FRÉDÉRIC BERNICOT AND JIMAN ZHAO

Abstract. In this paper, we develop an abstract framework for John-Nirenberg
inequalities associated to BMO-type spaces. This work can be seen as the sequel
of [6], where the authors introduced a very general framework for atomic and
molecular Hardy spaces. Moreover, we show that our assumptions allow us to
recover some already known John-Nirenberg inequalities. We give applications
to the atomic Hardy spaces too.
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1. Introduction

The first BMO space (space of functions satisfying a Bounded Mean Oscillation)

was originally introduced by F. John and L. Nirenberg in [17]. This space natu-

rally arises as the class of functions whose deviation from their means over cubes is

bounded. From a point of view of Harmonic Analysis, this space is strictly includ-

ing the L∞ space, and is a good extension of the Lebesgue spaces scale (L p)1<p<∞
for p → ∞. For example, it plays an important role for boundedness of Calderón-

Zygmund operators, real interpolation, Carleson measure, study of paraproducts, ...

Moreover the BMO space can be characterized as the dual space of the Coifman

Weiss space H1. This observation was announced by C. Fefferman in [12] and then

proved in [13].

Here we are interested in one of the most important properties of the BMO

space: the so-called John-Nirenberg inequality (see [17]). This property describes

the exponential integrability of the oscillations for a BMO-function. More precisely,

for Q a ball of the Euclidean space Rn then a function f ∈ BMO satisfies
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