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Local tube realizations of CR-manifolds
and maximal Abelian subalgebras

GREGOR FELS AND WILHELM KAUP

Abstract. For every real-analytic CR-manifold M we give necessary and suf-
ficient conditions that M can be realized in a suitable neighbourhood of a given
point a ∈ M as a tube submanifold of some Cr . We clarify the question of the
‘right’ equivalence between two local tube realizations of the CR-manifold germ
(M, a) by introducing two different notions of affine equivalence. One of our key
results is a procedure that reduces the classification of equivalence classes to a
purely algebraic manipulation in terms of Lie theory.
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1. Introduction

Among all CR-submanifolds of Cr a special class is formed by the tube submani-
folds, that is, by real submanifolds of the form

TF = Rr + i F (1.1)

with F an arbitrary submanifold of Rr , called the base of TF . CR-manifolds of this
type play a fundamental role in CR-geometry as they often serve as test objects.
In addition, the interplay between real geometric properties of the base F and CR-
properties of the associated tube TF are quite fruitful. An early example of this
interplay is well known in the case of open tube submanifolds: The tube domain
TF ⊂ Cr is holomorphically convex if and only if the (open) base F ⊂ Rr is
convex in the elementary sense. Clearly, in the context of CR-geometry, domains
in Cr are not of interest. In fact, we will mainly consider CR-manifolds M =
(M, HM, J ) which are holomorphically nondegenerate, i.e., ξ = 0 is the only
local holomorphic vector field on M , which is a section in the subbundle HM . We
note in passing that in the tube situation the general case can be reduced to the
nondegenerate one as every such CR-manifold is locally a direct product of some
Ck and a holomorphically nondegenerate CR-manifold.
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