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Global classification of isolated singularities

in dimensions (4,3) and (8,5)

LOUIS FUNAR

Abstract. We characterize those closed 2k-manifolds admitting smooth maps
into (k + 1)-manifolds with only finitely many critical points, for k ∈ {2, 4}.
We compute then the minimal number of critical points of such smooth maps for
k = 2 and, under some fundamental group restrictions, also for k = 4. The main
ingredients are King’s local classification of isolated singularities, decomposi-
tion theory, low dimensional cobordisms of spherical fibrations and 3-manifolds
topology.
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1. Introduction and statements

Let ϕ(Mm, Nn) denote the minimal number of critical points (not necessarily non-
degenerate) of smooth proper (i.e. such that the inverse image of the boundary is

the boundary) maps between the smooth manifolds Mm and Nn . When superscripts

are specified they denote the dimension of the respective manifolds.

When we take Nn = R one obtains a classical homotopy invariant, namely the
F-category of the manifold Mm . Using Morse-Smale theory Takens proved that the

F-category of a closed manifold is bounded by m + 1 (see [57] for a refined upper

bound in terms of the connectedness, the homology groups and the dimension). The

F-category is bounded from below by the Lusternik-Schnirelman category. Related

results for h-cobordisms were obtained by Pushkar and Rudyak (see [46]).

We are interested below in the case when m ≥ n ≥ 2 and the manifolds

under consideration are compact and orientable. The invariant ϕ is not anymore a
homotopy invariant of the pair (Mm, Nn) and actually it is sensitive to the smooth
structures. There are actually only a few examples where this invariant can be

calculated. The main problem in this area is to characterize those pairs of manifolds

for which ϕ is finite non-zero and then to compute its value (see [12, page 617]).
The problem of finding non-trivial local isolated singularities was also stated by

Milnor ([44, Section 11, page 100]).
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