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Ricci almost solitons
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Abstract. We introduce a natural extension of the concept of gradient Ricci
soliton: the Ricci almost soliton. We provide existence and rigidity results, we
deduce a-priori curvature estimates and isolation phenomena, and we investigate
some topological properties. A number of differential identities involving the
relevant geometric quantities are derived. Some basic tools from the weighted
manifold theory such as general weighted volume comparisons and maximum
principles at infinity for diffusion operators are discussed.
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1. Introduction

Let (M, 〈 , 〉) be a Riemannian manifold. A Ricci soliton structure on M is the

choice of a smooth vector field X (if any) satisfying the soliton equation

Ric+ 1

2
LX 〈 , 〉 = λ 〈 , 〉 (1.1)

for some constant λ ∈ R. Here, Ric denotes the Ricci tensor of M and LX stands

for the Lie derivative in the direction of X .

In the special case where X = ∇ f for some smooth function f : M → R, we
say that (M, 〈 , 〉 ,∇ f ) is a gradient Ricci soliton with potential f . In this case the
soliton equation (1.1) reads

Ric+ Hess ( f ) = λ 〈 , 〉 . (1.2)

Clearly, equations (1.1) and (1.2) can be considered as perturbations of the Einstein

equation

Ric = λ 〈 , 〉
and reduce to this latter in case X or ∇ f are Killing vector fields. When X = 0 or

f is constant we call the underlying Einstein manifold a trivial Ricci soliton.
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