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Deformations and automorphisms: a framework for globalizing
local tangent and obstruction spaces

BRIAN OSSERMAN

Abstract. Building on Schlessinger’s work, we define a framework for studying
geometric deformation problems which allows us to systematize the relationship
between the local and global tangent and obstruction spaces of a deformation
problem. Starting from Schlessinger’s functors of Artin rings, we proceed in two
steps: we replace functors to sets by categories fibered in groupoids, allowing us
to keep track of automorphisms, and we work with deformation problems natu-
rally associated to a scheme X , and which naturally localize on X , so that we can
formalize the local behavior. The first step is already carried out by Rim in the
context of his homogeneous groupoids, but we develop the theory substantially
further. In this setting, many statements known for a range of specific defor-
mation problems can be proved in full generality, under very general stack-like
hypotheses.
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1. Introduction

Given a formal deformation problem, two of the most basic questions one can ask
are: to what extent is it representable, and what are its tangent and obstruction
spaces? In [18], Schlessinger gave an elementary and concise answer to the first
question. The second question appears to be much more involved, with the most
definitive work on the subject being Illusie’s [11]. We propose a new framework
which allows us to describe precisely the relationship between the global tangent
and obstruction spaces and the local ones. While far less ambitious in scope, our
approach is relatively elementary and allows us to treat a wide range of deformation
problems uniformly and transparently. All the statements which we prove are well
known in examples, but we show that they are in fact formal consequences of rel-
atively mild hypotheses in a generality comparable to that of Schlessinger’s work.
As an added bonus, we are able to replace Schlessinger’s conditions with more
natural descent-theoretic ones, and we ultimately obtain results on the representing
scheme.
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