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Integral pinching results
for manifolds with boundary

GIOVANNI CATINO AND CHEIKH BIRAHIM NDIAYE

Abstract. We prove that some Riemannian manifolds with boundary satis-
fying an explicit integral pinching condition are spherical space-forms. More
precisely, we show that three-dimensional Riemannian manifolds with totally
geodesic boundary, positive scalar curvature and an explicit integral pinching be-
tween the L2-norm of the scalar curvature and the L2-norm of the Ricci tensor
are spherical space-forms with totally geodesic boundary. Moreover, we also
prove that four-dimensional Riemannian manifolds with umbilic boundary, posi-
tive Yamabe invariant and an explicit integral pinching between the total integral
of the (Q, T )-curvature and the L2-norm of the Weyl curvature are spherical
space-forms with totally geodesic boundary. As a consequence, we show that a
certain conformally invariant operator, which plays an important role in Confor-
mal Geometry, is non-negative and has trivial kernel if the Yamabe invariant is
positive and verifies a pinching condition together with the total integral of the
(Q, T )-curvature. As an application of the latter spectral analysis, we show the
existence of conformal metrics with constant Q-curvature, constant T -curvature,
and zero mean curvature under the latter assumptions.
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1. Introduction

One of the most important questions about the relation between algebraic properties
of the full curvature tensor and the topology of manifolds is under which conditions
on its curvature tensor a Riemannian manifold is homeomorphic or diffeomorphic
to a space of constant sectional curvature, namely a space form. A model example
is the classical sphere theorem conjectured by Rauch [35], and which says that any
closed, simply connected and 1

4 -pinched Riemannian manifold is diffeomorphic to
the standard sphere. The topological version was proved by Berger [5] and Klin-
genberg [27]. Just recently the original conjecture has been settled by Brendle and
Schoen [6], using a result of Bohm and Wilking [7].

On the other hand, many sphere like theorems appeared in the literature in the
last 30 years in connection to the celebrated Ricci flow. Just to mention some of
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