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Extremal discs in almost complex spaces

HERVÉ GAUSSIER AND JAE-CHEON JOO

Abstract. We give a necessary condition for the existence of extremal pseu-
doholomorphic discs on some domains in (R2n, J ) where J is a small almost
complex deformation of the standard complex structure.
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1. Introduction

This paper deals with the study of extremal discs in almost complex manifolds. In
the seminal paper [14] L. Lempert proved that every convex domain � admits a
singular foliation by such discs which are proper and smooth up to the boundary in
case the domain � = {ρ < 0} is smooth. The proof of existence of the foliation
relies on an analytic characterization of extremal discs: if f is an extremal disc in
� then f is stationary, meaning that there exists a positive function p defined on
the unit circle ∂� such that the function ζ �→ ζ p(ζ )dρ( f ) admits a holomorphic
extension to the unit disc �. Important applications of extremal discs concern the
study of moduli spaces (see for instance [16] and [3]) or the existence of a Green
function for the homogeneous Monge-Ampère equation (see for instance [14, 20]).
Stationary discs are natural global biholomorphic invariants of complex manifolds
with boundary. The smooth extension of stationary discs is an essential ingredient
in boundary values problems such as the Fefferman extension theorem, as proved
by L. Lempert [15] in the complex setting (see [6,8] for almost complex manifolds).

Lempert’s results were generalized to strongly pseudoconvex domains in the
complex Euclidean space by E. Poletsky [21] and M. Y. Pang [19] using variational
principles. Finally A. Tumanov [24] gave a geometric characterization of the sta-
tionarity condition: a holomorphic disc f attached to the boundary of a domain �

is stationary if and only if f admits a meromorphic lift to the cotangent bundle with
boundary attached to the conormal bundle over �.
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