
Ann. Scuola Norm. Sup. Pisa Cl. Sci. (5)
Vol. IX (2010), 69-109

Orbits of real forms in complex flag manifolds
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Abstract. We investigate the CR geometry of the orbits M of a real form G0 of a
complex semisimple Lie group G in a complex flag manifold X = G/Q. We are
mainly concerned with finite type and holomorphic nondegeneracy conditions,
canonical G0-equivariant and Mostow fibrations, and topological properties of
the orbits.
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Introduction

In this paper we study a large class of homogeneous CR manifolds, that come up
as orbits of real forms in complex flag manifolds. These objects, that we call here
parabolic CR manifolds, were first considered by J. A. Wolf (see [28] and also [12]
for a comprehensive introduction to this topic). He studied the action of a real form
G0 of a complex semisimple Lie group G on a flag manifold X of G. He showed
that G0 has finitely many orbits in X , so that the union of the open orbits is dense
in X , and that there is just one that is closed. He systematically investigated their
properties, especially for the open orbits and for the holomorphic arc components
of general orbits, outlining a framework that includes, as special cases, the bounded
symmetric domains.

We aim here to give a contribution to the study of the general G0-orbits in X ,
by considering and utilizing their natural CR structure.

In [2] we began this program by investigating the closed orbits. These can be
combinatorially described in terms of their cross-marked Satake diagrams. This ap-
proach was possible because their isotropy subgroup always contains a maximally
noncompact Cartan subgroup of G0. This is no longer the case for general orbits,
and therefore we need here to deal with general Cartan subgroups. This differ-
ent situation lead us to introduce the notions of adapted Cartan pairs and fit Weyl
chambers, that we utilized to extend to general G0-orbits, and even simplify, the cri-
teria of [2], that characterize finite type (see [7]) and holomorphic nondegeneracy
(see [5]).
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