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Algebraic Morava K-theory spectra over perfect fields

SIMONE BORGHESI

Abstract. In the paper [2] we constructed (co)homology theories on the category
of smooth schemes which share some of the some of the defining properties of
the (co)homology theories induced by the Morava k-theory spactra in classical
homotopy theory. Some proofs used the topological realization functor (cf. [8]).
The existence of that functor requires the base field k to be embedded in C. In
this manuscript we investigate up to what extent we can obtain the same results
under the sole assumption of perfectness of the base field. The results proved
here guarantee the existence of spectra �i satisfying the same properties as in
[2], provided that the algebra of all the bistable motivic cohomology operations
verifies an assumption involving the Milnor operation Qt .
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1. Introduction

Let k be a field and Sm/k be the category of smooth schemes over k. In the
paper [2], under the assumption that the base field is embeded in C, we constructed
a family of (co)homology theories �i satisfying certain properties. If H∗,∗(X, Z/q)

denotes the motivic cohomology groups of a smooth scheme X , as defined by
V. Voevodsky in [10], then �

∗,∗
i (X) are i + 1-tuple extensions of the groups

H∗−2 j (qt −1),∗− j (qt −1)(X, Z/q) which detect certain Chern numbers of the tangent
bundle of X . The (co)homology theories �i ( ) correspond to objects denoted
�i of a certain category SH(k). This is called the stable homotopy category of
schemes over a base field k, and it is strictly related to the usual stable homotopy
category of topological spaces. There are two, equivalent, constructions of this cat-
egory (cf. [4] and [9]), each having its own advantages. If we assume the base field
k to be perfect, motivic cohomology is a representable functor, represented by an
object HZ ∈ SH(k), called the Eilenberg-MacLane spectrum. This is the only in-
stance where we use perfectness of k. The word spectrum refers to an object of the
category SH(k). This is the type of objects we will deal with in this manuscript.
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