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Lp Boundedness of the Riesz transform related to Schrödinger
operators on a manifold

NADINE BADR AND BESMA BEN ALI

Abstract. We establish various L p estimates for the Schrödinger operator −�+V
on Riemannian manifolds satisfying the doubling property and a Poincaré in-
equality, where � is the Laplace-Beltrami operator and V belongs to a reverse
Hölder class. At the end of this paper we apply our result to Lie groups with
polynomial growth.
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1. Introduction

The main goal of this paper is to establish the L p boundedness for the Riesz trans-

forms ∇(−� + V )− 1
2 , V

1
2 (−� + V )− 1

2 and related inequalities on certain classes
of Riemannian manifolds. Here, V is a non-negative, locally integrable function
on M .

For the Euclidean case, this subject was studied by many authors under dif-
ferent conditions on V . We mention the works of Helffer-Nourrigat [35], Gui-
bourg [31], Shen [51], Sikora [52], Ouhabaz [47] and others.

Recently, Auscher-Ben Ali [3] proved L p maximal inequalities for these op-
erators under less restrictive assumptions. They assumed that V belongs to some
reverse Hölder class RHq (for a definition, see Section 2). A natural further step is
to extend the above results to the case of Riemannian manifolds.

For Riemannian manifolds, the L p boundedness of the Riesz transform of
−� + V was discussed by many authors. We mention Meyer [45], Bakry [9] and
Yosida [59]. The most general answer was given by Sikora [52]. Let M satisfy
the doubling property (D) and assume that the heat kernel verifies ‖pt (x, .)‖2 ≤

C
µ(B(x,

√
t))

for all x ∈ M and t > 0. Under these hypotheses, Sikora proved that if

V ∈ L1
loc(M), V ≥ 0, then the Riesz transforms of −� + V are L p bounded for

1 < p ≤ 2 and of weak type (1,1).

Received November 20, 2008; accepted in revised form March 1, 2009.


