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Isoperimetric inequalities
& volume comparison theorems on CR manifolds

SAGUN CHANILLO AND PAUL C. YANG

Abstract. In this article we study the Jacobi equation associated with the
geodesics in a pseudo-hermitian manifold wish vanishing Webster torsion. We
develop integral geometric formula generalizing the well known Santalo formula
in Riemannian geometry. As applications we obtain volume comparison results
under suitable curvature assumptions as well as isoperimetric inequalities for do-
mains in such manifolds.
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0. Introduction

In this paper we study a manifold M3 with a contact structure � and a compatible
CR-structure, that is an almost complex structure J defined on the contact planes
� which are given as the kernel of the contact form �. In [7, 10], Webster and
Tanaka introduced the pseudo-hermitian connection and the associated torsion and
curvature tensors in solving the equivalence problem. This work provides an an-
alytic frame work for study of the geometry of CR structures. We are interested
in developing, along the lines of Riemannian geometry, volume comparison crite-
ria as well as isoperimetric inequalities. A cursory examination of the equation of
geodesics shows that it comprises a third order system, and hence quite difficult to
study. In this paper we make an essential simplifying assumption, the vanishing of
a certain component of torsion, that reduces the equation of geodesics to a second
order system. Geometrically, the vanishing torsion condition means that the Reeb
vector field is an infinitesimal CR transformation. The torsion free condition means
that for each value of the geodesic curvature α, there is a foliation of the unit contact
bundle associated to the geodesic flow along geodesics of curvature α. Thus it is
possible to generalize the well known integral geometric formulae of Santalo to this
setting.
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