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Asymptotically regular problems II:
Partial Lipschitz continuity and a singular set of positive measure

CHRISTOPH SCHEVEN AND THOMAS SCHMIDT

Abstract. We consider multidimensional variational integrals for vector-valued
functions u : R

n ⊃ � → R
N . Assuming that the integrand satisfies the standard

smoothness, convexity and growth assumptions only near ∞ we investigate the
partial regularity of minimizers (and generalized minimizers) u. Introducing the
open set

R(u) := {x ∈ � : u is Lipschitz near x},
we prove that R(u) is dense in �, but we demonstrate for n ≥ 3 by an example
that � \ R(u) may have positive measure. In contrast, for n = 2 one has R(u) =
�.

Additionally, we establish analogous results for weak solutions of quasilin-
ear elliptic systems.
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1. Introduction

Throughout this paper we fix n ≥ 2, N ≥ 1, p ≥ 2 and a nonempty bounded open
subset � of Rn . We study the minimization problem for variational integrals

F[u] :=
∫

�

f (Du) dx for u : � → R
N , (1.1)

where f : RNn → R is a given integrand of the argument z ∈ RNn .
We say that f is regular iff it satisfies a set of standard smoothness, convexity

and growth assumptions (see Definition 2.1 below). If f is a regular C∞-integrand,
then there is a well-developed existence and regularity theory for the minimization
problem: Precisely, minimizers u of F exist in the Sobolev space W 1,p(�, RN )

and are C∞ outside a negligible set S; see [1, 2, 5–8, 11, 16, 19, 21, 24, 25, 27, 32].
The smallest such S is called the singular set and need — by famous examples
[26, 33, 38, 39] — not be empty, except for n = 2 [27, 32] or N = 1 [20, 21, 30].
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