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Invertible harmonic mappings, beyond Kneser

GIOVANNI ALESSANDRINI AND VINCENZO NESI

Abstract. We prove necessary and sufficient criteria of invertibility for planar
harmonic mappings which generalize a classical result of H. Kneser, also known
as the Radó–Kneser–Choquet theorem.
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1. Introduction

Let B := {(x, y) ∈ R2 : x2 + y2 < 1} denote the unit disk. Given a homeomor-
phism � from the unit circle ∂ B onto a simple closed curve γ ⊆ R2, let us consider
the solution U ∈ C2(B; R2) ∩ C(B; R2) to the following Dirichlet problem{

�U = 0, in B,

U = �, on ∂ B.
(1.1)

The basic question that we address in this paper is under which conditions on � we
have that U is a homeomorphism of B onto D, where D denotes the bounded open,
simply connected set for which ∂ D = γ .

The fundamental benchmark for this issue is a classical theorem, first conjec-
tured by T. Radó in 1926 [16], which was proved immediately after by H. Kneser
[12], and subsequently rediscovered, with a different proof, by G. Choquet [7]. Let
us recall the result.

Theorem 1.1 (H. Kneser). If D is convex, then U is a homeomorphism of B onto D.

We recall that this theorem had a remarkable impact in the development of
the theory of minimal surfaces, see for instance [17]. Its influence appears also
in other areas of mathematics, let us mention here homogenization and effective
properties of materials [2, 3, 5], inverse boundary value problems [1, 10, 11] and,
quite recently, variational problems for maps of finite distortion [4]. See also, as
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