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A family of adapted complexifications for SL2(R)

STEFAN HALVERSCHEID AND ANDREA IANNUZZI

Abstract. Let G be a non-compact, real semisimple Lie group. We con-
sider maximal complexifications of G which are adapted to a distinguished one-
parameter family of naturally reductive, left-invariant metrics. In the case of G =
SL2(R) their realization as equivariant Riemann domains over GC = SL2(C) is
carried out and their complex-geometric properties are investigated. One obtains
new examples of non-univalent, non-Stein, maximal adapted complexifications.
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1. Introduction

Let ∇ be a linear connection on a real-analytic manifold M which is identified
with the zero section in the tangent bundle T M . A complex structure defined on
a domain � of T M containing M is adapted to the connection if for any ∇-
geodesic γ its complexification γ∗, given by (x + iy) → y γ ′(x), is holomorphic
on (γ∗)−1(�). In this situation we refer to � as an adapted complexification of
(M, ∇). In the case where ∇ is real-analytic, R. Bielawski [3] and R. Szőke [26]
recently showed that the adapted complex structure exists in a neighborhood of
M . In [26] one also finds a uniqueness result. For the Levi Civita connection of a
real-analytic Riemannian manifolds, such results were known since the pioneering
works of Guillemin-Stenzel [13] and Lempert-Szőke [19].

In the presence of a “large enough” Lie group acting on M and preserving
the geodesic flow induced by ∇, one can prove that there exists a maximal domain
� for the adapted complex structure, i.e. every adapted complexification is nec-
essarily contained in � (see Proposition 3.1, cf. [14]). If M is a non-compact,
Riemannian symmetric space such a maximal complexification is well-known un-
der the name of Akhiezer-Gindikin domain (see [2], cf. [10]).

Recall that M is the fixed point set of the anti-holomorphic involution on � ⊂
T M given by v → −v and in the case of the Levi Civita connection associated to
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