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Derivative loss for Kirchhoff equations
with non-Lipschitz nonlinear term

MARINA GHISI AND MASSIMO GOBBINO

Abstract. In this paper we consider the Cauchy boundary value problem for the
integro-differential equation

utt − m

(∫
�

|∇u|2 dx

)
�u = 0 in � × [0, T )

with a continuous nonlinearity m : [0, +∞) → [0, +∞).
It is well known that a local solution exists provided that the initial data are

regular enough. The required regularity depends on the continuity modulus of m.
In this paper we present some counterexamples in order to show that the

regularity required in the existence results is sharp, at least if we want solutions
with the same space regularity of initial data. In these examples we construct
indeed local solutions which are regular at t = 0, but exhibit an instantaneous
(often infinite) derivative loss in the space variables.
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1. Introduction

In this paper we consider the hyperbolic partial differential equation

utt (t, x) − m

(∫
�

|∇u(t, x)|2 dx

)
�u(t, x) = 0 ∀(x, t) ∈ � × [0, T ), (1.1)

where � ⊆ Rn is an open set, ∇u and �u denote the gradient and the Laplacian of
u with respect to the space variables, and m : [0, +∞) → [0, +∞). Equation (1.1)
is usually considered with initial conditions

u(x, 0) = u0(x), ut (x, 0) = u1(x) ∀x ∈ �, (1.2)

and boundary conditions, for example of Dirichlet type (but the theory is more or
less the same also with Neumann or periodic boundary conditions)

u(x, t) = 0 ∀(x, t) ∈ ∂� × [0, T ). (1.3)
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