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Equiconvergence theorems for Chébli-Trimèche hypergroups

LUCA BRANDOLINI AND GIACOMO GIGANTE

Abstract. We consider a Sturm-Liouville operator of the kind d2

dt2 + A′(t)
A(t)

d
dt

on (0, +∞) and the related eigenfunction expansion. We prove that, under suit-
able assumptions on A (t), the partial sums of the Fourier integral associated to
such expansion behave like the partial sums of the classical Fourier-Bessel trans-
form. This implies an almost everywhere convergence result for L p (A (t) dt)
functions. Our methods rely on asymptotic expansions for the eigenfunctions and
the Harish-Chandra function that we prove under very weak hypotheses.
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Differential operators of the kind

L = d2

dt2
+ A′ (t)

A (t)

d

dt
(0.1)

and the associated spectral decompositions arise naturally in harmonic analysis. For
example when A (t) = tn−1, the operator L is the radial part of the Laplacian in
Rn and in this case the associated spectral decomposition is the so called Fourier-
Bessel expansion that corresponds to the harmonic analysis of radial functions in
Rn . This transform is defined for any α � − 1

2 by

Fα f (λ) =
∫ +∞

0
f (t) 2α� (α + 1)

Jα (λt)

(λt)α
t2α+1dt

but of course it can be interpreted as a Fourier transform of a radial function only
when α = (n − 2)/2. The inversion formula associated to this transform is given
by

f (t) =
∫ +∞

0
Fα f (λ) 2α� (α + 1)

Jα (λt)

(λt)α
λ2α+1dλ

4α�2 (α + 1)
. (0.2)

In a non compact symmetric space of rank one there are values of α and β such
that, setting A (t) = (sinh t)2α+1 (cosh t)2β+1, one obtains the radial part of the
Laplace-Beltrami operator and in this case the associated spectral decomposition is
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