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Natural boundary value problems for weighted form Laplacians

WOJCIECH KOZ�LOWSKI AND ANTONI PIERZCHALSKI

Abstract. The four natural boundary problems for the weighted form Lapla-
cians L = adδ + bδd, a, b > 0 acting on polynomial differential forms in the
n-dimensional Euclidean ball are solved explicitly. Moreover, an algebraic algo-
rithm for generating a solution from the boundary data is given in each case.
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1. Introduction

Gradients in the sense of Stein and Weiss are O(n)-irreducible parts of ∇, the co-
variant derivative of an Riemannian manifold M of dimension n and of Riemannian
metric g. For example, the bundle of differential p-forms is O(n)-irreducible. But
the target bundle of ∇ acting p-forms splits. So, for any p-form ω we have the
following decomposition (cf. [26])

∇ω = 1

p + 1
dω + 1

n − p + 1
atr δω + Sω

where atr is some operator of order zero described in [26]. As a result, we obtain
three O(n)-gradients: d, δ and S. The first two are the familiar exterior derivative
and coderivative. The third operator S completing the list, and defined just by the
splitting, seems to be at least equally important. It is the only one of the three that
has, like ∇, an injective symbol. And that means the ellipticity. Roughly speaking,
we can say that S is carrying the ellipticity of ∇. S is called to be the Ahlfors
operator.

In the particular case p = 1, the operator S, being the symmetric and trace free
part of ∇, is one of the most important operators in conformal geometry: conformal
Killing forms, or – by duality – vector fields, constitute its kernel. It is worth to
notice that, in the case of M = R2 = C, the Ahlfors’ operator becomes the Cauchy-
Riemann one, so S may be treated as its higher (even odd) dimensional extension.
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