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Harnack estimates for weak supersolutions
to nonlinear degenerate parabolic equations

TUOMO KUUSI

Abstract. In this work we prove both local and global Harnack estimates for
weak supersolutions to second order nonlinear degenerate parabolic partial dif-
ferential equations in divergence form. We reduce the proof to an analysis of
so-called hot and cold alternatives, and use the expansion of positivity together
with a parabolic type of covering argument. Our proof uses only the properties of
weak supersolutions. In particular, no comparison to weak solutions is needed.
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1. Introduction

Harnack estimates play a central role in the regularity theory of partial differential
equations. In this work we prove the parabolic weak Harnack estimate for weak
supersolutions of the equation

∂u

∂t
− div

(
A(x, t, u, ∇u)

) = 0 (1.1)

in Rn × R, where the function A has a growth of order p, p > 2, with respect to
the norm of the gradient. In addition, it is assumed to be a Caratheodory function.
These conditions and the definition of weak supersolutions are described in detail in
Section 2. Our proof uses only measure theoretical arguments and no comparison
to weak solutions is needed.

The problem has a long history in the field of nonlinear degenerate diffusion
equations. The celebrated result of Moser in [24], see also [25] and [26], was the
Harnack inequality for weak solutions to linear parabolic equations with bounded
measurable coefficients. Later Aronson and Serrin [3], Ivanov [18], Kurihara [21]
and Trudinger [27] generalized independently Moser’s result for the quasilinear
case. Trudinger explicitly pointed out that the Harnack inequality for weak solu-
tions is a consequence of the weak Harnack estimate for weak supersolutions and
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